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CENTRE OF PLANNING AND ECONOMIC RESEARCH

The Centre was initially established as a research unit, under the title “Centre of
Economic Research”, in 1959. Its primary aims were the scientific study of the
problems of the Greek economy, the encouragement of economic research and
cooperation with other scientific institutions.

In 1964, the Centre acquired its present name and organizational structure, with
the following additional objectives: first, the preparation of short, medium and long-
term development plans, including plans for local and regional development as well
as public investment plans, in accordance with guidelines laid down by the
Government; second, the analysis of current developments in the Greek economy
along with appropriate short and medium-term forecasts, the formulation of proposals
for stabilization and development policies; and, third, the additional education of
young economists, particularly in the fields of planning and economic development.

Today, KEPE is the largest economics research institute in Greece, focuses on
applied research projects concerning the Greek economy and provides technical
advice to the Greek government and the country’s regional authorities on economic
and social policy issues.

In the context of these activities, KEPE has issued more than 700 publications
since its inception, and currently produces several series of publications, notably the
Studies, which are research monographs; Reports on applied economic issues
concerning sectoral and regional problems; Discussion Papers that relate to ongoing
research projects. KEPE also publishes a tri-annual review entitled Greek Economic
Outlook, which focuses on issues of current economic interest for Greece.



DISTRIBUTED OPTIMIZATION IN PUBLIC ECONOMICS VIA
DECENTRALIZED PUBLIC FINANCE

A proposal for the spatial distribution of public goods and services °

Abstract

The paper proposes a new approach in public economics, in a decentralized finance
setting, by using distributed optimization techniques to help plan inter-regional and
intra-regional public goods and services for multiple regions, each region with its
own budget, natural and population characteristics. The goal is to provide policy
makers with a planning optimization tool for public infrastructure spanning over a
number of regions in a way that improves the welfare of its constituent populations.
To that end it treats the problem as a utility maximization problem and calculates

the Marshallian demand for public infrastructure.

Keywords: Network optimization; Decentralized public finance; Utility maximi-
zation and demand functions; Regional, subregional and local policy
planning; Public infrastructure, goods and services
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AIKTYOKENTPIKH BEATIXTOIIOIHXH
YXTHN AHMOZXIA OIKONOMIKH

MEXQ AITOKENTPQMENHX XPHMATOAOTHXEHX

Mo TpOTACT] Y10 TNV YOPIKY KOTOVOUR TOV ONUOCIOV ayaddv Kol VINPECIOY

Iwdvvng IMarootaikovdne,” TIpddpouog Ipodpouiong,*

Jeremy Watson,” Iodvvng Aéotag’

H epyoacia mapovc1dlel kot avadldeL TV TEPITTOOT UI0G KEVTPIKNG OVTOTNTAS TOV
npoonadel vo PEATIGTOTOMCEL TNV X¥PNOILOTNTA TOV OUAOWMV 1 KOWVOTHT®V TOV
gVPIOKOVTAL OTNV TEPLOYN] OOKNOEMC TV KoONKOVIOV g, Pdost TtV
TPOTIUNGEDV TOVG KOL TOV VLRAPYOVIOG TPOoVTOAOYIoHov. Tétown oyfjuota
KEVIPIKAOV OVIOTHTOV KOl KOWVOTHTOV UTopovv va Bempnbolv: pio mepipépela Kot
Ol TEPLPEPEINKES EVOTNTEG TNG 1 Ol ONUOL &V avTh, pio eBvikn kuPfépvnon kot ot
TEPIPEPELES NG YDPaG, Kabd¢ kot N Evpomaikny ‘Evoon kot ta kpdtn-pédn e,
Mo mv enilvon tov &v Aoy® owovoukoy mpoPAnuatog Bo ypelaoctel vo 10
LLOVTELOTOMGOVHE (TEPLYPAWOLLE KOl OTOOMGOLLE) HAONUOTIKE KOl Vo TO
avdyovue o€ £va TPOPAN LA BEATIGTONTOMONG VIO TEPLOPIGLLOVG.

Y10 vmodelypo, kKaOe kowvotnTa €YEl TOV OIKO TG oTOYO0 7OV eKPPALEL TIg
TPOTEPOULOTNTEC/TPOTYNGELG TOV TOMTMV TNG AVOLPOPLKE LE TOL Stdipopa aryadd Kot
VINPECIES, EKPPACUEVO LLE TNV LOPOT UG GUVAPTNONG XPNOOTNTOC, KAODC Kot
ToV O01KO NG mpoimoAoytopd. TovAdylotov éva amd ta emBountd ayabd 1 Tic
emMBLUNTEG VINPECIEG TOL VIEIGEPYOVTAL OTIV GLVAPTNGT YPNCILOTNTAS Elval
onpoco ayabo i dnuocia vanpesio. Tovtéotwy, gival éva ayado 1 P vimpecia
oV ®PELEL OLOVG (ONA. ®PELET Kat AAA ATOopO 1 GALEG KOWVOTNTEG), KOODG KaVEIg
dev umopel va. otepn el v evkaipio vo T0/TNV KATOVOADGEL, EVD 1) KOATAVAA®ON
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€VOC OTOLOL M oG KOWVOTNTOG Oev ennped el TNV gukatpion EvOC GAAOD aTOUOL N
W10 GAANC KOVOTNTAG VO TO/TNV KOTOVOAMDGEL.

Eniong, m «evipwr ovidomta yvopiler TIC TPOTWNCES  (CUVOPTAOCELS
YPNOIUOTNTOC) TOV ETUEPOVS KOWOTHTOV OVOPOPIKA e Ta. dtdpopa oyadd wot
TIG d1apOopeg VTN PEcieg —10img o dNUOcLo ayadd Kol VINPESIEC— Kot av OgV TIG
yvopilet T pabaiver. Tig Swwtvadvovy ol ekmpdOSOTOVKVPEPVNTES TOV
KOWOTHTOV Ol omoiol Kol Tig yvepifovv, OTAV a1TOLVIOL YPNHATOOOTNON 1
OmOdEGLELGT] TNG XPNUOTOOITNONG Omd TV KevTpikn ovidmra. Ot exmpdommol
etvan exheypévol amd tov Tomikd TAnBuoud Kat evepyolv yo avtov. I'vapilovv kot
vold{ovTal Y10 T GLVOMKT YPTCLOTNTO TOV EKAOYEDV TOVG Kol EMOUOKOVV Vi
TPodyovy TNV eunuepio TOVG HECH TOV TEPLOPIGHEVOV TOP®V TOL TOVG
datiBevron.

OVTOC gOVIOV TO TPAYUATOV, GTO LIOOELYLO 1 KEVIPIKN ovidnta &Yel va
BelticTomooel —OyL o cuVAPTNoN otV omoia 1) 10w &xel TAN PN EAeyy 0, OANG—
UE OTOKEVIPOUEVO TPOTO U0, GUVAPTNOYN TOL omoTeEAEiTOL amd éva  GBpoiloua

EMUEPOVS GLVAPTNOEWV, KAOe pio ek TV omoiwv PelticTomolel Tov 6TOY0 iog

TOTIKNG KOWVOTN TG Kol 1 omoia cuvaptnon anaptileTol amo:

o Kdamoteg Kovég (d1aKovoTikég) petafAntég yo dnuocia ayadd mov gival Kowvd
N OMUOCIEG LINPEGiE MOV €lval KOWEG G OAEG 1| OE KAMOLEG KOWOTNTES
(uetafintés ovlevéng, oe texvik) oporoyia). A.x., €pyd oldNPodPOUOV Kol
CUTOKIVITOOPOU®MV OV GLVIEOLV TOAAEG TEPLOYES, LEYOAEG YEQPLPES TOV
GUVOEOVV YEMYPUPIKEG TEPLOYES OV OLOPOPETIKA dev YiveTal vo. cuvoefovv,
UEYOAD MAEKTPIKA SIKTVO TTOL UETAPEPOVY EVEPYEW GE UEYOAEC OTOGTAGELS,
peyaAo voocokopgio mov e&unnpetodyv 000 1 TPELG TEPLOYES K.AT.

o Kdamoteg tomikég (evOOKOWVOTIKEG) HETAPANTES Yoo dnpocto oyadd 1 dnpodoieg
VANPEGIEC TOV AELOTOLOVVTOL OTOKAEISTIKA amd Lo Kowotnto. A.y., €pyo
TPOANYNG TANHULP®V KOl GPOELONG CE W OYPOTIK TEPLOY TOL
avTipeTonilel eniong TpofAnpata TANUULP®V, | NAOKE TAVEL KOl GLGTAHUATO
OVELLOYEVVNTPLOV GE L0 TEPLOYN OV ATOUOKPVVETOL OO TO. OPLKTA KOVGLLOL,
N éva uikpd 001ko SIKTVLO Kol évo HIKPO OIKTLO TPOTORAOUING VYELOVOUIKNG
mepiBaiymg Ge L aypOTIKY TEPLOYN], KTipLo GYOAEIWV GE GAAN TTEPLOYN K.AT.

Y716 ovtd 10 Tpicpa n vd PeAtioTonomon cuvdpTnoN WITopEl vo TEPLYpapEl ™G
pio dopn| dkTHoL oL PacileTol 6TIC S10cVVIECELS TV UETAPANTOV oV EVENS TV
SPOPOV GTOY®MV —EMALYETAL VTN TOL VIEPYpOPNpatog (hypergraph)— ol
{Mron v ta nuocio ayadd kot tig oNpocieg vanpecieg (Yoo dtodnpotucd/do-
TEPIPEPELOKA/OEDV dnuocta Epya) va, dtaTummbel 6 Opovg ayopaimy TILOV TOV
YOO V/VTNPECIOV KAl TOV EIGOMUOTIKOV 1| GAA®V TEPLOPICUDY UE GTOXO VO
peyiotomomOel 1 evnpepia IOV avTicTOlY®V TANOVGUOV TOV TEPLOYDV.



Ytov Bofud mov M Asttovpyios TOV SOKOWOTIKGV UETOPANTOV PeATidvel TV
0TTOd00MN TMV EVOOKOWVOTIKMY HETOPANTOV Kol OVTIGTPOPMCE, TO TPOPAN UL pmopel
va BempnBel og TPOPAN O TAVTOYPOVNC TOALIECTATNG PEATIOTONOINGNC TOAADY
eopéwv pe Tig petaPintés ovlevéng ko TG TOMKEG peTafAnTéS  va
TEPILOUPAVOVTOL GTIC GUVOPTIGELS TOV GTOYMV. TNV TEPITTMON QLT Ol TEYVIKES
™G OIKTVOKEVIPIKNG PEATIOTONOINONG TOPEYOLV [ KOTAAANAT TPOcEYyion
Abonc. Xpnowonotdvtog Evav alyopldpo amocivieons ToV apylkdv LETOPANT®OV
vroroyileton  Avon g (tnong yw tig petaPintég ovlevéne. Otav veictatal
povayo por petafinti ovlevéng tote Vo cuykekpléveg vtobéoelg . (tnon
umopel vo vmoloyiotel avoivtkd. Otov veiotavror moAamiéc petafAntég
ovlevéng tote 1O MPOPANUO umopel voo emAvBel pe vV ypHon apOuNTIKOV
pefddmv kabog, Aoym Mg ovénuévng pobnpotucg TOALTAOKOTNTOS TOL
TPOPAAUATOC, 1) TOPOYN] CVOAVTIKOV ADGEMV Yo TNV {NTNor dev glval EPIKTY.

Agdouévou 0t1L 1 PerTioToToM G TOL APOoPE 6€ TOALOVS POPELS Kal SNUOCIO EPYa
ebewpeito kamote advvat (Samuelson, 1954), 1 tkavoOTNTA pog vo TV EMAOVGOLLLE
etvat evBappuvTiKn Kot Tpoc@épet pt aicBnon tpooddov. OvcacTIKMG, LEGH TOV
VTOJELYLOTOG UTOpPOVUE Vo dOVUE HOKPUTEPO OTO TIG TPONYOUUEVES YEVIEG
OLKOVOUIK®OV OVAADTOV KoL VoL ADCOVLE TPAKTIKA TpofAnpata Tov oyetilovtal pe
TOV GYEOIOGUO TNG YOPIKAG KATAVOUN TV NUOCIOV 0yafdV Kol VINPESIOV UE
Baon Tig Tomucég (1] VITOTEPLPEPEINKES) TPOTIUNGELS TOV TOTIKDOV TANOLGUDV.

Me v mopovca gpyacio yio culiTnon To EPYOAELD EMGTNUOVIKOD GYEJACLLOV
NG EVOOTEPIPEPELNKNG KO TEPLPEPELNKNG KOTOVOUNG TOPMOV KOl OVATTLENG OV
TEPLYPAPETAL OTIG EMOUEVEG CEAIdEG TiBeTO GTOV dNUOCIO S1AAOYO Kol OTNV
d10goT TV EVOLUPEPOUEVMVY GE LU0 AELTOVPYTIKMDC KO YO PIKDG KATUKEPILOTIGUEVT]
xopo 61w¢ 1 EAAGSa, vo to aélomomceovy akdpa Kot ¢ onueio ekkivinong yapv
oLYKpice®V.

Aéberg KAgord: AKTLOKEVIPIKY| PeATioTOTOMNGN: ATTOKEVIPOUEVT N HOGLOVO-
pikn- Meyiotomoinon g EEAEG Kol cuvaptoelg (tnong
2y €010 LOG TEPUPEPELOLKNG KOl TOTIKN G TOMTIKNG: ANUOGLES LTTO-
dopéc, ayafd Kot vanpecies



1 Introduction

In a typical economics utility maximization problem (UMP), one works out how much
of each available good or service a consumer will demand (purchase) in order to reach
the highest level of satisfaction given his or her preferences and income, time, and other
constraints. In essence, one finds the so-called Marshallian demand functions of the
goods and services involved by expressing the quantities demanded in terms of prices
and the constraints.! E.g., Begg et al. (2014: 190-205).

One may think of several such problems: (a) A person or a community
maximizing, respectively, his/her or a collective utility function involving the
consumption of a number of private goods and services. (b) A social planner
maximizing the sum or product of different group or community utility functions with
or without a unified procurement system, and separate budgets for each group or
community. (¢) A social planner or policy coordinator that does the same, with one of
the desired goods or services being public, i.e., benefiting all (for no one may be denied
the opportunity to consume it, while the consumption of one person or community does
not affect the opportunity of another person or community to consume it). (d) Many
more. E.g., by Bergstrom and Goodman (1973), King (1986), Bergstrom (1999),
Corchén and Dahm (2011), and the sources supplied therein.

All of these problems involve an optimization process. Optimization plays a major
role in economics and its wide use has been established in the seminal work of Arrow
etal. (1958). The standard assumption of the UMP, is that an agent’s utility is described
by a single objective function and its respective domain (Mas-Colell et al., 1995).
Understandably, an agent’s objective may also depend on multiple factors and be
described via functions that do not necessarily share the same domain.2 This introduces
a form of decentralization. The summation of these functions constitutes the total
objective function of the agent. Often the constituent functions feature common choice
variables (coupling variables hereinafter). As a result, the decentralization of the
objective factors can be described by a network structure based on the coupling
variables’ interconnections of the different objectives.

The present paper studies optimization from a public economics viewpoint.
Grown from the field of public finance,? public economics consider the economics of

! There also exists, the so-called Hicksian demand in terms of the prices and utility, that
results from the mirror expenditure minimization problem.

2 To put it differently, an objective function may depend on multiple agents, each of whom
optimizes a local objective, rather than having a single central entity controlling
everything.

3 See Desmarais-Tremblay et al. (2023). Public finance, studies finances within a
government, so frequently assesses the government’s revenues and expenditures (or the



the public sector by looking into government policy through the lens of efficiency and
equity in order to improve social welfare, hence frequently rely on microeconomic
theory tools. In particular, the paper focuses on government expenditure and assumes
that specific budgets are allocated a priori to the various local governments by the
central government, and local policy makers (agents) are responsible for covering the
needs of their respective communities in terms of public goods and services. In the case
of municipal districts the local policy makers would be the mayors, and in the case of
states the agents would be the governors.

This process can be viewed as a form of decentralized public finance or fiscal
policy exercise which leads to a distributed public economics problem, in the sense
that multiple mayors or governors will have to distribute their budgets in an optimal
way in order to achieve public economic goals in terms of public goods and services
that benefit their respective communities. In our setting we will assume that the policy
makers of neighboring municipalities or states/provinces/territories act cooperatively
in order to achieve the common goals of their regions. This suggests that our theory
could also be extended at the country level, and applied to countries acting in a
cooperative way in order to achieve certain goals for the benefit of their populations,
e.g., the member states of the E.U.

Public finance decentralization or fiscal decentralization is about how central
govemments empower subnational governments to service their populations (Bahl and
Bird, 2018). If the standard three fiscal functions are stabilization, redistribution, and
resource allocation, across govemment levels (Oates, 1972), and the first two are
responsibilities of the central government, in our view there is space for improvement
through resource allocation via fiscal decentralization. The basic argument in support
of fiscal decentralization is that local politicians know people’s preferences in their
jurisdictions better than does the central government, and, therefore, can better align
the provision of public goods and services to those preferences. Fedelino and Ter-
Minassian (2010) suggest that there may exist various flaws with fiscal
decentralization. In our setting we take the policy makers to be utilitarian social
planners elected by the people for the people, i.e., they know and care about the
aggregate utility of their respective constituencies, and with the available limited
resources each aims to advance the welfare of the population that he or she represents
or governs. This is accomplished via the construction and operation of public
infrastructure.

revenues and expenditures of public authorities) and the adjustment of one or the other to
achieve desirable effects and avoid undesirable effects.
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This public infrastructure can be intra-regional (public goods/services only for the
policy maker’s region), hence, associated with the specific characteristics of the said
region or inter-regional (public goods/services for multiple regions). Examples of intra-
regional goods/services are flood prevention and irrigation works for an agricultural
region that also faces flood problems, or solar panels and wind turbine systems in a
region that moves away from fossil fuels, or a small road network and a small primary
health care network in a rural region, or sewage and sanitation systems and school
buildings in another region, and so forth. Examples of inter-regional goods/services are
rail- and motorways linking multiple regions, long bridges linking geographical areas
not connected otherwise, large electrical grids carrying power over long distances,
large hospitals servicing two or three regions, etc.

A good number of models that happen to focus on other issues do not concentrate
on this aspect of public good or service differentiation. However, in the following pages
in order to capture, formulate, and model a policy maker’s total objective or aggregate
utility (welfare) function we treat: (i) the inter-regional public infrastructure as
coupling variables (i.e., as variables that appear in the utility functions of multiple
regions), (ii) the intra-regional public infrastructure as local variables in the constituent
utility functions, and (iii) the welfare optimization problem as a utility maximization
problem.

Under specific assumptions we solve the problem in terms of the Marshallian
demand for both the coupling and the local variables. To the extent the presence and
operation of interregional (or coupling) variables improves the performance of the
intra-regional (or local) variables and vice versa on account of the network effects,* the
problem can be viewed as a multi-agent, multi-objective optimization problem with
coupling and local variables within the objectives. As a result, distributed optimization
techniques provide a suitable solution approach.

Distributed optimization can be traced back to Tsitsiklis (1984), and a review on
the topic is provided in Yang et al. (2019). The goal in a multi-objective problem is to
optimize a global (total) objective, which is usually the sum of the individual objectives
of each agent, given their described interconnections, with the use of a graphical
structure, e.g., a network. Indeed, networks have been considered and used both in
modern economic theory (e.g., Jackson, 2010) and in multi-agent systems with

4 For instance, (a) solar panels, wind turbine systems and large electrical grids carrying
power or (b) a primary health care networks and a large hospital or (c) a small rural road
network, an interstate rail- and motor- way and long bridges, etc., may complement each
other and jointly improve the economic situation across regions by reducing private costs,
raising productivity and making people’s lives easier.

11



economic interpretations (e.g., Cech et al., 2013; Gibson, 2007; Haber, 2014; Eymann,
2001).

Here we make use of a primal decomposition algorithm similar to the one supplied
by Papastaikoudis et al. (2024) to solve the distributed optimization problem. We
choose the problem’s network structure to be a hypergraph’ in the same fashion as in
Samar et al. (2007) and calculate the optimal value of the UMP. That is, we calculate
the Marshallian demand solution to the UMP for the coupling variables of the utility
functions and find how to allocate inter-regional public works across various regions
in a manner that maximizes the welfare of the respective regional populations. In our
view this may be extremely useful to a government or an inter-regional coordination
committee in charge of territorial development fund allocations.

In particular, in the case of a single coupling variable and under specific
assumptions we are able to calculate the Marshallian demand analytically. In the
general case of multiple coupling variables in the UMP we cannot provide the
analytical solutions of the Marshallian demand due to the increased mathematical
complexity of the problem. However, we may calculate and numerically solve the
problem. Given that an optimization involving many parties and public goods/services
was once considered impossible to solve (Samuelson, 1954), our ability to solve it is
encouraging and offers a sense of progress. In essence, through this paper we can see
further than we could see before, and solve practical problems associated with the
spatial distribution of public goods and services based on subregional preferences.

Our proposed setting does not deviate from standard economic theory. We assume
that an input vector (choice variables) under a mechanism (utility function)
corresponds to specific levels of utility. The mechanism is separable and can be written
as the summation of different mechanisms (objective functions) with couplings among
the input variables of these mechanisms. This assumption does not violate any standard
economic principles of utility theory (Samuelson, 1938; Debreu, 1959a,b; Uzawa,
1960; Lancaster, 1966) and it may be viewed as an extension. Literature regarding the
multi objective optimization problem can be found in Hamel and Wang (2017), Zhao
et al. (2017), Evren (2014). Our proposed setting and solution approach may also be

3 Hypergraphs were first introduced in Berge (1973) as a generalization of graphs since they
allow more than two nodes to be linked in the same edge (hyperedge). The various
advantages of hypergraph communication are presented in Heintz et al. (2019), Wolf et al.
(2016), Heintz and Chandra (2014). In our view a hypergraph turns out to be more suitable
to describe the information structure of the coupling variables compared to a graph that
uses pairwise interconnections that do not have any particular economic interpretation in
the model.

12



extended to other static optimization economic problems such as the profit
maximization problem.

The rest of the paper is organized as follows: Section 2 introduces the reader to
mathematical tools borrowed from non-linear control theory (Khalil, 2002) and
hypergraph theory (Vitaly, 2009). Section 3 sets up the hypergraph distributed
optimization problem and the primal decomposition algorithm along with a stability
analysis. Section 4 outlines the centralized UMP for the case of logarithmic Cobb-
Douglas public sector objective functions and outlines its respective decentralized
version in the case of a single coupling variable, as well as in the case of multiple
coupling variables. Examples are provided as we build up the theory. Section 5
concludes.

13



2 Preliminaries

2.1 Non Linear Control Theory

We study the following continuous, time invariant system,

&(t) = f(z(t)) (1)

with z(t) € R™ and f : R” — R" being continuous. A function V' : R — R for which
the following relationship ||z|| — co = V() — oo holds is called radially unbounded.
By V : R" — R is denoted the Lie derivative of V which is expressed by the following
formula: )
V(z(t)) = VV(x(t)" - i(t) = VV(z(t)" - f(z(t)).

Theorem 1. Let x* be an equilibrium point of (1). If V : R™ — R is positive definite,
radially unbounded and V(I) < 0,V x # x* then x* is globally asymptotically stable
and V is a valid Lyapunov function for (1).

2.2 Hypergraphs

A hypergraph H = (V, &) where V = {v1,...,v,} is the finite set of nodes and & =
{&1,...,En} is the corresponding set of hyperedges can be viewed as a generalization
of a graph in the sense that each hyperedge can join any number of nodes and not just
two. The order of a hypergraph H denoted by |V| is the total number of nodes while
its size denoted by |€| is the total number of hyperedges. For a hypergraph #, the
incidence matrix, denoted by E is a V| x |€| matrix whose (i, j)-th entry is defined as:

E:{l, v; € &

0, otherwise.

14



3 Hypergraph Distributed Optimization

3.1 Problem Formulation

Assuming that we have K different interconnected subsystems where each subsys-
tem has an objective function and their interconnections are represented via their
objectives, the optimization of their objectives leads to the following distributed
optimization problem,

K
max Fi(zi,ys
[Z1,Y1,-- TK YK 2] ; ( 4 )

s.t. (zi,y;) €C;

where

e F; : RPit+mi) 5 R is the objective function of ith subsystem and is considered to
be strictly concave, continuously differentiable with its gradient VF; being locally
Lipschitz.

® Vectors z; € RPi)V 1 < ¢ < K denote the variables of the subsystems which
we assume are coupling (i.e. their components appear in the variables of other
subsystems as well).

® Vectors y; € R™ )V 1 < i < K denote the variables of the subsystems which we
assume are local (i.e. they appear in only one subsystem).

e C; is a feasible set for subsystem i, described by linear equalities and convex
inequalities.

e Vector z € RV gives the respective common values of the N different groups of
coupling variable components.

® The relationship x; = FE;z allocates the variable components of ith subsystem to
their respective common values and E; is a p; X N matrix whose (I, j)-th entry is
given by

3)

Elj_ l,if$§=2’j,V1§lSpi
! 0, otherwise

with J:i denoting the {th component of variable x;.

In order to represent the network effects that the coupling variables create among
the different objective functions we will use a graphical structure and we choose it to
be a hypergraph since there may be more than two coupling variables that describe a
common value. We consider the following hypergraph H = (V, ) where,

® the set of nodes V is partitioned into ¥V = {V1, ..., Vi } with each node in subset V;
being associated with a component of variable xz;, V1 <i < K.

® cach hyperedge &; is associated with the jth component of vector z, i.e, the
hyperedge set £ is describes the couplings of different variable components.

15



As a result, for the hypergraph H we have,

By
Vi=pi+..+pxk=p || =N,E=| : |,
Ex

Dy = I,xp and Dg = diag{|&1], ..., |En]}

Hence, by J;f we denote the coupling variable of the ith subsystem that belongs to
the jth group of coupling variables for ¢ = 1,..., K and j = 1,..., N. The relationship
x; = E;z,V 1 <1< K can also be written as x = Ez where x = (1, ..., 2x) € RP.
Remark 1. We assume that the structure of the objective functions and their respec-
tive coupling variables would result to a connected hypergraph in the sense that there
would be a connection path among every two nodes of the hypergraph.

For the better understanding of graphical/network setting we present the follow-
ing example.

Example 1. Assuming that we have four subsystems as they are depicted in Figure
1 with the following sum of their respective objective functions to be

fi(zy) + foxd) + fa(xg, 23) + fa(z})

we notice that there are two pairs of coupling variable components among the subsys-
tems. The nodes associated with variables {x},x3, 21} are attached to hyperedge &

1
c 52

Fig. 1 Hypergraph Communication

while the nodes associated with variables {x%,z3} are attached to hyperedge €. We
also have that |V| =5, |E| = 2, Dy = I5xs,

10
Er 10

Dp = 30 dEm= 22l | 110
02 F; 01

E4 01

respectively.
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3.2 Primal Decomposition

We let fi(z;) denote the optimal value for the local variable of the ith subproblem,

max Fi(l‘i, yi)
Yi
s.t. (1‘27%) eC; (4)
and we express variable y; in terms of z; by solving the optimization problem (4).
Functions f;,i = 1, ..., K are strictly concave as well since maximization with respect

to a variable of a function preserves strict concavity. As a result, the Lagrangian of
(2) is given by:

K
E(x,z,v):Zfi(xi)—vT(x—Ez) (5)
i=1
which can also be written as

K
L(z,z,v) = Z(fz(xz) —vlz) +0TEz

i=1

where v; corresponds to ¢th subsystem and is a subvector of Lagrange multiplier v
associated with = Ez. The optimality conditions are:

oL

e 0 = Vf; = v; (subsystems interconnections) (6a)
oL . -

5 = 0 = = = Ez (primal feasibility) (6b)
oL T .

5 = 0= E* v =0 (dual feasibility). (6¢)

Remark 2. Throughout this work we will specifically study cases where the resulting
functions f; from (4) are differentiable but this is not the case in general.
The original problem (2) is equivalent to the primal problem,

K
max f =) fi(Ei) (7)

=1

To find a gradient of f, we calculate Vf;,i = 1, ..., K where functions Vf;,1 =1,.... K
are strictly monotone. In primal decomposition, at each iteration we fix the vector z
of common values and the coupling variables as z; = E;z. We then have

K

i=1
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For the solution of (7) we will use the following gradient method

K

§=-Vf(z) ==Y E['Vfi(x:) (8)

=1

Remark 3. It is important to note that this distributed optimization setting can be
viewed as a multiple consensus problem, a consensus value must achieved for each
hyperedge, i.e. the coupling variables components attached to each hyperedge will be
represented by the respective variable component of vector z asymptotically.
Theorem 2. Let x* be an equilibrium point of the dynamical system (8) then x* is a
solution to the optimization problem (2).

Proof. In order to prove the theorem we decompose (8) in the following dynamical
system

x;(t) = E;z(t (9a)

vi(t) = Vf;(x(t)) (9b)
K

w(t) = Z ETv;(t) (9¢)

3(t) = w(t) (9d)

We find the equilibrium point of the dynamical system (8) from 2(t) = 0 = w(t) =
K K
0= > Elv(t) = > EI'Vfi(zi(t)) = 0 which is equal to the last of the optimality

i=1 i=1
conditions in (6¢). The rest of the optimality conditions are trivially satisfied from the
rest equations of the decomposed form of (8) given by the dynamical system (9a)-(9d)

and as a result, the equilibrium point of (8) is a solution of the optimization problem
(2).
O

Theorem 3. If z* is an equilibrium point for the dynamical system (8) then z* is
globally asymptotically stable.

Proof. We choose for the dynamical system (8) as a Lyapunov candidate the function
V(t) = 1||z(t) — z*||3 where V(¢) : RN — R is radially unbounded. The Lie derivative
of the Lyapunov function is

V(t) = ()T (2(t) - =)

= (ETVf(x()" (=(t) — 27)
= (BTVf(x(t)) = ETVf(2"))"(2(t) - 27)
(VfE(@(t) = VT (@) (Ex(t) - Bz")
= (VT (@(t) = VT (2)(

z(t) — ") <0, V a(t) #z*.

18



since Vf is strictly monotone and as a result, V(t) < 0 for z(t) # z*. We have used
in the proof that ETV f(z*) = 0 and = Ez. From the above we conclude that the
equilibrium point z = z* is globally asymptotically stable for the dynamics (8). O
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4 Utility Maximization Problem

The utility maximization problem in its economic version is usually described as the
problem of a single individual who wants to answer the question of how much to choose
of each available good or service to consume, taking into account his budget constraint,
the prices of the goods/services and his own preferences which are expressed in terms
of a utility function.

In this work we will use the techniques of the utility maximization problem in order
to answer to a similar question but from the scope of an agent or a group of agents
who are policy makers of specific regions, they act in a cooperative way and they want
to allocate public goods across their regions, under specific budgets and costs in a way
that optimizes the welfare of the populations of the regions under consideration. We
assume that there are two types of public goods, the intra-regional goods that have
to do with the welfare of a specific region and the inter-regional goods that have to
do with the welfare of multiple regions. Both types of goods will be included in the
utility function of each region and the inter-regional goods will create network effects
among the utility functions of the regions making distributed optimization techniques
as the most suitable for the solution of the respective optimization problem.

We will start this section by discussing the simplest possible case, that of a single
policy maker agent who is trying to optimize the welfare of its population expressed
in terms of a utility function by allocating the local public goods of his region for the
given budget and costs. We call this case centralized since there are no inter-regional
public goods and as a result, no network effects created with other regions.

4.1 Centralized Case

The problem of local public goods/services allocation that a policy maker of a single
region faces with limited budget resources is the following:

max u(y)

st.p-y <w. (11)
where u : R®™ — R, is the utility function of the region under consideration,
vector y = (y1,¥2,...,Yn) € R describes the n local public goods/services while
P = (p1,P2,...,Pn) € RY represents the respective price costs for the construction/op-
eration of a unit of the respective public good/service and by w € R} we denote the
respective budget wealth of the region. Both the price costs and the budget wealth are
parameters. The optimum solution of the policy makers utility maximization problem
in terms of its parameters is called Marshallian demand and is of the form

Y (p,w) = (Y1 (0 w), y5 (W), ooy Yo (0, W)). (12)

The Marshallian demand in our setting shows the demand for each public good/ser-
vice given the specific needs of the population of the region which are captured in
the formulation of the region’s utility function and provides an indication to the
policy maker of how he should partition the region’s budget for each local public
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good/service. Also, the Marshallian demand for each public good/service provides
a hint of the quality of the future construction/service, i.e., a larger portion of the
budget indicates a project of higher standards while a smaller portion of the budget
indicates a project of not so much importance, e.g., the construction of a bigger or
smaller school or hospital or road depending on the needs of the region as these are
captured in the Marshallian demand. In other words it provides a measure of quality
classification for the future public good/service provided.

One of the most commonly used utility function is the Cobb-Douglas utility
function,

n
u(y17 7yn) = Hy?77 a; > oV iv
i=1
which we believe is a suitable choice of utility function due to its many attractive
properties such as, its algebraic tractability and its overall fairly good approximation of
the utility gaining process among others. Due to the technicalities that can be caused
by the exponential form of the function we will use instead a logarithmic Cobb-Douglas
function,

n
w(Y1, -y Yn) = Zai logyi, a; >0V i,

i=1
a choice that will also facilitate us later for the decentralized case. It is important
to note that the logarithm is an increasing function and represents the same under-
lying preferences as the Cobb-Douglas utility function. We interpret the parameters
a; of the utility function as sensitivity factors of the population to the ith public
good /service, higher a; suggests higher desire of the population for the suggested pub-
lic good/service while lower a; suggest of a relatively small interest in the respective
public good/service. The centralized UMP for the logarithmic Cobb-Douglas utility
function is the following

n
max E a; logy;
=1

n
s.t. Zpi Yy Sw
i1

Y >0, V1<i<n. (13)
Remark 4. Of course other forms of utility functions can be used depending of the
specific characteristics of the areas under consideration.
Theorem 4. The optimum solution (Marshallian demand) of (13) for each public
good/service y; is given by the following formula
. a;w
vi=— (14)
Pi ) ai
i=1
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Proof. Since the budget constraint is w > 0 the positivity constraints on y; will always
be satisfied. The budget inequality constraint binds by Walras’ law

n
UJZZEEIZ% “Yi,
i=1

and as a result, we can form the Lagrangian of problem (13) to be

L= Zai log yi + A(w — Zpi “Yi)
=1

i=1
giving first-order conditions

Y api, V1<i<n (15)

Yi
Using the expressions in (15) we could write all the variables in terms of variable y;:

piaz pian
Y2 = Y1)y Yn =
p2a1 Pna1

Y1- (16)

Combining the expresions of all variables in terms of y; and the budget constraint we
have,

P1a;

%

n
w=p1y1+2pi' U1

i=2
and we find the Marshallian demand functions to be:

* a; W

yr=—"_ Vi1<i<n. (17)
Pizlai

O

We note that the quantity —%— for our optimal solution y} in (17) suggests
Pi > a;
i=1
the portion of the budget w that will be allocated for the public good/service y; as
discussed in the introductory part of this subsection.

4.2 Decentralized Case

We call the case of multiple regions where there are both types of public goods/services,
i.e., intra and inter-regional, decentralized since it is conducted in a decentralized
finance setting where in the decisions regarding the inter-regional public goods/services
are getting involved multiple policy makers in a cooperative way and use the respective
budget wealth of their regions in order for the respective public infrastructure to be
completed. The cooperation of the policy makers is captured in the total objective
function which is expressed as the summation of the utility functions of all the regions
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under consideration. For the case of multiple regions with a single inter-regional public
good/service the policy makers of the K different regions face the following distributed
optimization problem.

max Fi+ ..+ Fg

Z1,Y15-- 0 TKHYYK,Z

ny
s.t. pixy + ijly{ < wy
=1

ng
PKTK + D Piyk < Wi
j=1
r=FEz

r1,Y1, - TKH YK ZO (18)

where the Ith region’s utility function is logarithmic Cobb Douglas with the following
analytical expression

n
F, = ajlogz; + Zbglogyl], V1I<I<K. (19)
j=1

The scalar variables 1, ...,z are the coupling variables of the utility functions
that represent the single inter-regional public good/service, i.e., 1 = ... = zg
while y1,...,yx are the vectors of local variables of the utility functions where
v = (y},...y;'"), V1 <1< K that represent the intra-regional public goods/services
of the [th region. By a; we denote the respective parameter of the coupling variable x;
for the Ith utility factor function that denotes the sensitivity of the /th population to
the respective inter-regional public good/service. Similarly b] are the respective sen-
sitivity parameters of the [th population to the intra-regional public goods/services
of their region yj with n; being the total number of public goods/services for the Ith
region. By w;,V 1 <1 < K we denote the total budget of [th region. The total bud-
get w for all regions and both types of public goods/services satisfies the following

K
relationship w = > w;. Regarding the parameters of the utility factor functions the

=1
following relationship holds

my
a+Y b >1,V1<I<K. (20)

j=1

which means that the utility functions of the regions under consideration have
increasing returns to scale something that it is natural for vast inter-regional public
goods. From a mathematical perspective the parameters in (20) also ensure the strict
concavity of (19). The cost price vector per unit of public good/service for the Ith
region is given by p' = (pi,p},....p;"") and for the cost price of the coupling variable
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we have p; = ... = pg = p where p is the common cost price value. Since we have
a single coupling variable, z is a scalar and describes the common value of the cou-
pling variables, i.e., z = z1 = ... = zx. For the incidence matrix of the hypergraph
H = {V,&} that assigns the coupling variables to their respective common values we
have E = 1k, i.e., the incidence matrix is equal to a vector of ones of dimension K.

Theorem 5. The Marshallian demand of the coupling variable z = 1 = ... = i in
(18) satisfies the equation

K mp .
> K P Zl b
=1 j=
z Z w; — pz (21)

1=1
and in the case that the budget is distributed equally among all the regions, i.e., w; =
%, V1 <1< K then equation (21) has an analytical solution with respect to z given

by the formula
K
=1
. (22)

K-p- <§[az+ %5{0

=1 j=1

z =

Proof. We choose to express all the local variables of each utility function in terms of
their respective first local variable and then all the first local variables in terms of the
coupling variable respectively. By applying the first order conditions to each subprob-
lem independently in a similar way as in (16) we have the following relationships for
the lth utility factor function,
J b{pll 1 .
i V1SS K, 2<j<my. (23)
1Py

Using the Walras’ law for the budget constraints of the [th utility factor function we

have
my

piyi + prllzj =w; — pix
j=2

my

In}
PLYI +Zpl bll lj Sy = w — p

my b]
Pl <1+Zb1> =w — piay

j=2

| _ b (w—pi)

Y = ™
j=1

24
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Combining (24) and (23) we have that
i b{(wl — piy)

yl - my )
v (Z bf)
=1

We can now write the utility function F; by expressing the local variables of the
function in terms of the coupling variable z; as

VI<SI<K, 1<j<m. (25)

m » _
fi(z) = ajlog(x;) + Zb{log M V1<I<K. (26)
=1 ] <§f bj)
K
From the primal decomposition algorithm (9a)-(9d) we have Z = > E;V f;(x;) where
=1
E=1,V1<I<K,z=z1=..=zk and p=p; = ... = pg. As a result,
my
Ya g P _Zl b
=1 i=
= — 27
‘ z Z wy — pz (27)

:2 Z o (28)

The solution of equation (28) in terms of z = x1 = ... = xk is the Marshallian demand
for the coupling variable. In the case that the budget is distributed equally among all
the regions, i.e., w; = %, V1 <1 < K then equation (28) has an analytical solution
with respect to z, i.e.,

K K j
Zal p- Z Zb
= _  =1]g= N
z 7 — Dz
K K my ]
Z(Ll K'p'z Zbl
= =1 |j=1 N
z w—K-p-z

K K K [mi
w-Zal—K~p~z~Zal:K-p-z-Zleﬁ] =
1=1 =1 1=1 Lj=1
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=1
z= .
K mpo.
K-p- (Z ar+ 3 be

=1 j=1
By combining the Marshallian demand of the coupling variable z = z1 = ... = g and
the relationship (25) we can find the Marshallian demand of all the local variables for
every utility function. O

£
©)
K F,

& ®

Fig. 2 Three regions with a single inter-regional public good.

Example 2. In Figure 2 we have three regions with a single inter-regional public
good/service with their respective logarithmic Cobb-Douglas wutility functions Fy, Fa
and F5 to be of the form

Fy = aylogxy + bilogy;
Fy = aylogxs + bilogys + b3logys
F5 = aslogxs + bélogy%
where the wvariables x1,x2,x3 are the coupling variables representing the inter-
regional public good/service while yi,ys,y3,ys are the local variables representing
the intra-regional public goods/services with their parameters to satisfy the following
relationships,aq —|—b} > 1, a9 —|—b§ + bg >1 and a3 + bé > 1. Given the cost price vectors

pl = (p1,p}),p? = (p2,p3,03),p> = (p3,p3) and the budget constraints wy,wa,ws for
the respective regions we have the following decentralized UMP,

maXF1 + FQ + F3
T,y

s.t. piz1+piyr < wy
st Paa + pays + Pays < ws
s.t. paxs + pyys < ws
r=Fz
T1, 2,23, Y1, Y3, Y3, Y3 > 0 (29)
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where @ = [v1,w9,75]7 € B3,y = [y}, ub, 43,037 € RLE = [111]" and z €
Ry . For the solution of (29) we will make use of the primal decomposition algorithm
(9a)-(9d). We will express the local variables of each utility function in terms of the

coupling variable. The first and third utility functions have exactly one local variable

and with the use of Walras’ law for the budget constraints we have yi = % and
1
yi = %. For the second utility factor function we express y3 in terms of y3 as
1.2, 1 1 2
2 _ pabys ’ 1 _ by(we—pow2) 2 _ by(wa2—paza)
= 22222 qnd from Walras’ law we have = 2222 and Y5 = Lo
v2 = Sgipt and | Y2 = Zprere) Y2 = Trere)

The utility function in terms of their coupling variable are given by

Wy — P1T
fi(z1) = arlog(x1) + b} log (1plp11> ,
1

bl(w2 - szz) b2(w2 - P2$2)
= aol by 2\"e P2l b2l 2\ 7e P2l
ftan) = st + v (S gt ) i (BB
Ws — PaT
fa(x3) = azlog(xs) + bélog (3plp?’3> .
3

3
From the primal decomposition algorithm (9a)-(9d) we have z = Y E;V fi(x;) where
i=1
E=1,V1<Ii<3,z=x1 =29 =23 and p=p; = py = p3. As a result,

The equilibrium point of this dynamical system results to the solution of the following
equation in terms of z,

ay +az+az p- bl +p-(b%—|—b§)+ p- b3

z wy — pz Wo — Pz w3 — pz

The solution of this equation is the Marshallian demand for the coupling variables
z = x1 = x2 = x3. In the case that the budget is distributed equally among the three
w

regions, i.e., w1 = wg = wz = g then the above equation has an analytical solution
with respect to z given by the formula

L w- (a1 + az + as) (30)
3~p'(a1+b%+a2+b%+b§+a3+b§).

By using the following parameters for the first region a; = 1.6,b} = 1, for the second
region ay = 1.5,b5 = 0.4,b3 = 0.6, for the third region a3 = 1.7,b8 = 1, with the
respective prices p = p1 = pa = p3 = 2,pi = 0.7,p3 = 0.5,p3 = 0.9,p3 = 0.8 and
the respective budgets w1 = 25, ws = 30, w3 = 20, we get the asymptotic value of the
coupling variable to be

z=x1 =x2 =x3 =H.875
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Fig. 3 (a) Coupling Variables (b) Local Variables (c) Utility Functions

while the asymptotic values of the local variables are
yi = 15.22, 93 = 15.523, 95 = 10.436,y5 = 7.068
which results to the following utility optimum values
f1 =5.875, fo = 5.374, f3 = 5.305
with the total utility optimal value to be
f=Ffi+fo+ f3=16.554

In Figure 3 we present the convergence processes of the coupling variable, the local
variables and the utility functions for the decentralized case with equal budgets.
4.3 Generalized Case with Multiple Coupling Variables

The generalized version of the decentralized case with multiple inter-regional public
goods/services makes the policy makers of the K different regions under consideration
to face the following distributed UMP problem.

max F1++FK

T1,Y15-- - TKHYK
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ma ni
s.t. E zip] + E yipr < wy
i=1 j=1

mg ' nK

s.t. Zm%p}( + ZprK <wg
i=1 j=1
z=FEz

$17y1,...,$K,yK 20 (31)
where vector z describes the common values of the coupling variables and E is the
incidence matrix of the hypergraph. An analytical expression of the [th utility function
is provided below

my ng
Fy = ajlogzj + Y blogyl, V1<1<K. (32)
i=1 j=1

where our economic narrative remains similar as with the previous case with a single
coupling variable with the only difference here to be the existence of multiple coupling
variables. We have that:

® a! are the respective parameters of the coupling variables i and my is the total
number of coupling variables V 1 <1 < K. ,

e b/ are the respective parameters of the local variables y/ and n; is the total number
of local variables for the V1 <[ < K and
mp ng

* Yaj+> b >1, VI<I<K.

i=1 7j=1
The cost price vector of the lth region is

’

P = (pla "'apmmplla "'ap[nl)

where by p and p’ we denote the prices for the coupling and local variables respectively.
K
For the total budget, we have,w = > wj.
=1
Remark 5. For the generalized case an analytical expression of the Marshallian
demand of the coupling variables for a utility function with multiple coupling variables
would be extremely difficult, if not impossible, due to the creation of couplings among
the coupling variables via the local variables. In order to overcome this problem for the
lth utility function with multiple coupling variables we will use the following optimiza-
tion device where we will optimize the local variables subject to the remaining budget,
i.e.,

ny
max Y _ b} log(y})
yi j=1
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ny my
s.1. Zpl]yl] =w— Zp%:r} (33)
j=1 i=1

We set the Lagrangian of (33) to be

ng ny mi
=3 atontt) St + 3ot - )
j=1 j=1 i=1
From first order conditions of (34) we have

oL v i’ Cap?
= A = 0=y =
oy v by
and consequently
j my X )
ot " (w_ le?x;)
1=
- = = y‘; = T . .
P’ b
j=1

1 'q
Y plj bll

From Walras’ law we have

ng p/le 1
1,1 ‘i P Y g i,
Py +Zplj ' 27! yl =w— Zpﬁ? =
101 i=1

j=2
, Ly LA
o e (14255 | = o oot
j=2 1 i=1

U2 .
> b my

1,1 | 3=2 i, i
Y|P bl =w— § T =
l .

As a result,

) my
by (w - pm)
J_ i=1
e TR T
by > by

j=1

We notice that the derivative of the logarithm of (35) would result to a fraction

(35)

mo
that would have in the denominator the quantity, w — Y pjx}, and thus a solution of

the Marshallian demand would only be possible to be calculated by means of numerical
analysis.

30



1
@

g : &

Fig. 4 Four regions with two inter-regional public goods/services.

Example 3. Assuming that the utility functions of the regions represented in Figure
4 are of the form
Fy = ajlogzi + bj logy;
Fy = allogx} 4 bl log y3
Fy = a}logzi + a3 log x5 + by logys + b3 logys + b3 logys
Fy = a}logx} 4 b} logy;
the respective distributed UMP is provided below:
max Fy+Fy+ F3+ Fy
T1,Y1y.--,T4,Y4
st piry+piyr < w
Paty + pyyz < w2
P33 + P37 + p3ys + psYs +psys < ws
Pity + Py s < wa
x=Fz
T1,Y1y -+ T4,Y4 ZO (36)
For the general case example the parameters would be,

Assuming that the parameters of the first region to be al = 1.4,b% = 1 for the
second region to be ay = 1.5,b3 = 1, for the third region to be a = 1.7,a% = 1.3,b} =
0.3,b3 = 0.3,b3 = 0.4 and for the for the fourth region to be aj = 1.6,b} = 1 while
the respective prices for the first coupling variable are p; = pi = p3 = p} = 2.2,
for the second coupling variable are ps = p3 = p} = 2.1 and for the local prices are
pit = 0.6,pst = 0.5,pst = 0.9,p2 = 0.7,p = 0.8, pL = 0.6 with the budgets to be

wy = 22,wy = 18, wg = 31 and wy = 19, the asymptotic values for the coupling
variables are

2 =a] =xh =ay =5415, 2 =12 =1x}=>5214
while the asymptotic values for the local variables are

yr = 16.814, y3 = 12.176,y3 = 2.713,y5 = 3.488,y5 = 4.07,y} = 8.95
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Fig. 5 (a) Coupling Variables (b) Local Variables (c) Objective Functions

The asymptotic values of the utility function are
f1 =05.187, fo =5.033, f3 = 6.2538

with the total objective to be f = 16.474. The convergence processes of the coupling
variables, the local variables and the utility functions are presented in Figure 5.
Remark 6. It is important to note that the policy maker has knowledge of all the
values of both the coupling and local variables and is able to understand the prioritiza-
tion of the public infrastructure from the population viewpoint, something that in real
world may affect the policy maker’s decisions and these may deviate from the opti-
mal ones that result from the proposed algorithm. Also, a potential extension of the
algorithm could be a combinatorial expansion which could be extremely useful in cases
where the policy makers are not sure in terms of geographic allocation of the inter-
regional infrastructure among regions. In such scenario the policy makers can use the
algorithm as many times as the available geographical allocation cases and choose the
geographical allocation for which the algorithm results to the best objective value.
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5 Conclusion

To sum up, we propose a new approach to the economics of public goods under
the decentralized finance setting using distributed optimization techniques in a multi
regional geographical environment. In particular, we formulate the problem as a multi-
utility optimization problem where each region has its own utility function, and provide
a toolkit for planning and for organizing all types of public goods/services, which in
turn allows policy makers to better plan the respective policies. The toolkit may also
provide other useful policy related insights such as the prioritization of the works
across regions and the optimal geographical allocation of public goods/services.
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