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ABSTRACT

A new method for forecasting annual flow macroeconomic aggregates using
monthly indicators is developed. A continuous time dynamic model is employed in
order to obtain the exact discrete error correction model. The FIML estimation
method is applied on the exact discrete error correction model to derive parameter
estimates that are invariant to the sampling interval. The monthly indicators can be
either 1(0) or I1(1). In the last case the system error correction format has an advantage
in the estimation by encompassing the case cointegration.
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CENTRE OF PLANNING AND ECONOMIC RESEARCH

The Centre of Planning and Economic Research (KEPE) was established as a
research unit, under the title "Centre of Economic Research", in 1959. Its primary aims were
the scientific study of the problems of the Greek economy, encouragement of economic
research and cooperation with other scientific institutions.

In 1964, the Centre acquired its present name and organizational structure, with the
following additional objectives: (a) The preparation of short, medium and long-term
development plans, including plans for regional and territorial development and also public
investment plans, in accordance with guidelines laid down by the Government. (b) The
analysis of current developments in the Greek economy along with appropriate short-term and
medium-term forecasts; also, the formulation of proposals for appropriate stabilization and
development measures. (c) The further education of young economists, particularly in the
fields of planning and economic development.

The Centre has been and is very active in all of the above fields, and carries out
systematic basic research in the problems of the Greek economy, formulates draft
development plans, analyses and forecasts short-term and medium-term developments, grants
scholarships for post-graduate studies in economics and planning and organizes lectures and
seminars.

In the context of these activities KEPE produces series of publications under the title
of "Studies" and "Statistical Series" which are the result of research by its staff as well as
"Reports” which in the majority of cases are the outcome of collective work by working
parties set up for the elaboration of development programmes. The series of Discussion
Papers, also published by KEPE, is designed to speed up the dissemination of research work
prepared by the staff of KEPE and by its external collaborators with a view to subsequent
publication. Timely comment and criticism for its improvement is appreciated.

The Centre is in continuous contact with similar scientific institutions abroad and
exchanges publications, views and information on current economic topics and methods of
economic research, thus further contributing to the advancement of the science of economics

in the country.



1. INTRODUCTION

The aim of this work is to construct a high frequency indicator for the state of
Greek economy that best forecast economic activity using annual GDP as a benchmark.
Forecasting GDP at quarterly or even monthly intervals is particularly important in the
case of Greece since, up to now, there are no reliable official measures for quarterly GDP.
To realize this task we utilize information from monthly time series coming from various
sectors of the economy, both demand and supply side: e.g. manufacturing, construction,
services, external trade.

Our forecasts are coming from a new technique based on the Exact Discrete
Model (EDM) for a general observation interval h derived from an underlying continuous
time dynamic Data Generating Process (DGP). We specify the DGP as a system of linear
stochastic differential equations driven by a mixture of I(1) and 1(0) forcing variables that
Grange — cause the GDP time series. To implement the method initially we bring the
EDM in an Error Correction Format (EDECM) and we estimate it by the Maximum
Likelihood (ML) method. The Error Correction Format has the advantage to encompass
the case of cointegration between the GDP and the related series while the EDM bring
estimates which are unbiased and structural invariant to the observation interval h. For a
survey on the estimation of stochastic differential equations see Bergrstrom [1984].

In section 2 we set the assumptions and we prove the theorem for the EDECM
which provide the basis for the estimation methods. In section 3 we state the two methods
for obtaining unbiased ML estimates for the monthly GDP. In parts A to D of the
Mathematical Appendix we state the necessary technical facts that support the proof of

the theorem in section 2. Finally in section 4 we conclude with some remarks.



2. THEOREM

Let the real continuous time random process [y(t),z;(t), z,(t),t > 0] be a solution of the

stochastic differential equation system
dy(t) = ¢, +ay(t)+ Bz, (t)+ By2,(t) + £, ()

dz,(t) = ¢, + 72,0t + &5, (1a)
dz,(t) = c5 + &5

e (t)
where &(t) =| &, (t) | is a continuous time white noise with covariance matrix Eg(t)e'(t) =2
&3(t)
y(0) Yo
and| z,(0) |=| z,, |are the initial conditions. We also assume that the solution for y(t) is only
z,(0) Z30

t
observable as a sequence of integrals of the form vy, = _[ y(s)ds (flow variable) while the rest
t-h

variables z,(t),z,(t)are observed at the end of the observation period, (stock variables).
Then under the previous assumptions the equally spaced observations
[y(rh),z,(rh),z,(rh)], where r =12,... is integer and h is the observation interval, satisfy the

following Exact Discrete Error Correction Model (EDECM):
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Proof of the theorem

In matrix form (1a) is

S TR
y(t) G| A aly®)] |5 &(t)

)
dz,(t) = 5 + &3
Applying the integral operator J.:_h in system (2) we obtain
t t
{zl(t)—zl(t_h)}:Hh{h o} [WRACLE {O}f X [ e
y(t)—y(t-h) G poa J-thY(S)dS Bz [ r £,(s)ds
t— -
t
2,(t)- z,(t—h) = c;h + Lh £5(s)ds
3)
Moreover from (see proof in Mathematical Appendix: part A)
J.t z,(s)ds J.H] z,(s)ds
n ' = (e —I)A‘l{cz}h+e”‘ t2n ' +
f y(s)ds G y(s)ds
t-h t—
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from the first equation of system (3)
t t
uO-nt-n=chenf z6)is+] s (5)
from (5)
t 1 t
j 2,(s)ds =—{zl(t) —z,(t—h) —(czh - j gz(s)ds]} (6)
t—h 121 t-h
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Now we substitute (6) in (4) to eliminate the unobservable L ) z,(s)ds:
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therefore from (8) we obtain
1 e -1
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From (9) we obtain
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An expression for the integral of z,(s) in (10) can be found in Appendix part B:

%f,h 29 _1l, (s)ds + %I;hh{eah e (s)ds =

zz(t—h)&h(l—eah)+03&{1h2(1—eah)—L(l—eah)Jrhzeah} (11)
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Finally substituting (11) in (10) we obtain
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t _ ah
Lh y(s)ds=eahL_ y(s)ds + ’Bly—{zl(t—h)—zl(t—Zh)}+ Z,(t - )ﬁ; h(l—eah)

71 1

(12)
ah
n - “1 e ﬂl ( 1k, - ﬁz{ (1—eah)+2(l—ea )+ h2e a“}c\,,uﬁ(h)
where
ﬂ 1 edh | ct-h y;; e/ _gah ot-h
A (0) =2 e =2 [ e @i+ B [ (s a4,
(13)
while using the expression for &, (h) from Appendix C we obtain:
/111 (h) =
t a(t-s) h1(ah _a(t-hs)
jth (1 e )e(s)+f 2ha(e e )el(s)
t 1 B 1 er(t=s) _ gqa(t-s)
Al {_(Hn« 9), LoD
t-h }/13. a }/1 —a
t—h 7h _ 4ah nh _ qah 7n(t-h-s) _ ja(t-h-s)
ﬂlj‘ _i(ehh _e}’l(t—h—s))+ie € +l ¢ ¢ _ ¢ ¢ &5 (s)
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2 9 _£2
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(14)

From the exact discrete model of the last two equations of (1) (see also Bergstrom [1984]) we
obtain:

7,(t) ="zt —h)+ -2 [ erP |1 2, (h) (15)
-

2,(t) = 2, (t—h) + C3h + A4 (h) (16)

where

1 1
t it t il
Ay () = [ 709 (s)ds = K2¢, |, Ag(h) = [ e (s)ds = KZC,,
t—h t—h 3
t 1 t
K,=|e”"ds=——f1-e”"|K;=|ds=h 17
2 J.t—% ° —27/1[ ¢ ]’ s t—hS ()

., > N(O,62).¢, > N(©O,62)

Moreover notice that:
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J-t hJ.S A e?("%) g, (0)dads —.[_h[.[;ea(t_s)ds} (0)d0+I zhh “ﬂg;h a(t‘s)ds}s(e)de =

—h =
i.r [ga“*") - 1]s3 (0)do + é j t 2h[ea“ —e2th=9) };3(9)d0 = Kf ot +Caha) |
t— t—

a
$op > N(O,62%,)

and similarly

jt J' (N9 (9)dads = i J't :hh[ea“*h*g) - 1]53 (0)do + i jt t:;h [eah —ga(t=2h=0) ]sg (0)do =

K1 st-h TC1 (hva)§g3t—2h }

moreover

tos t [t t-h [ e6+h
J.t—h L—h £3(0)deHls = J‘tfh Ugds}E» (0)do + J.tizh Udﬁ’ }3 (6)do =
1
t t-h 1
Lh (t—0),;(0)do + LG (O+h—t+hk;(0)d0 = KZ L,y +Cohpn )
Therefore we have

1 1 ah 1
A (h) = K2 +Colhal o f+ K2 [Cos + Cotha ) o |- ﬂz{ a“—l‘—e} 2,

—a

1
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1

1 1
= = 1_ea =
At () = KEZ ¢ o +C1(h'a)§glt—h }+ PK3 [é’gzt +C, (hya,ﬂ/l)(gzt—h]_%{heah - } $Cens

N\H

1
+&K2 {(§g3t—heah —§g3t)+ C4(h)(§gat—2heah —Coth )}+ﬂ_ {Aggt +Cy(h, a)Aggt h}

a a

(18)
From (17) and (18) in matrix form we obtain
ﬂil.t (h) é’glt é,glt—h §£1t—2h
Ao (N) | =01 §op |+ 05| Gpin |+ O3] Cpyon (19)
/ISI (h) §g3t §€3t—h §g3t—2h
where
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1 Log(rot |
K AKZ —Z[Kf - Kf}
a
1

@1 = O K22 0

1

0 0 K2

1 1

K12C1(hva) BiKZCy(h,a,7,)

0, = 0 0

0 0

PRl

__nah 1 1 1 1
_&{heah _1-e” }Kf —?2K42C4(h)+%eahK42 +%K1201(h,a)—%K

0
0

1 1
00 %eahKfC4(h)—%K12C1(h,a)

®;=[0 0 0
00 0

From equations (12), (15), (16) and (19) we obtain the system in error correction format

EDECM (1b).
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3. ESTIMATION BY MAXIMUM LIKELIHOOD

To obtain the maximum likelihood parameter estimates we maximize

é,;:lt
logL =~ og(detx) -2 37" e G Sk
gggt
where [gglt Cot gggtj , the innovations, are derived by the following recursion:
Initial value
4}10 0
4820
4830 0
fort=h
Cop =
1 eal) _gr 1 1-e®
Uy(s) { (a(h) )y(0)+[gﬁ17—ﬁ1§(e7(h) )z 0) +2,(0 )ﬂ; ——-n
1(1 B e g7 a+y 1
B el e R +hjc + ——1— e’/ _1)= 2 _ 5 = hic, |+
(a(a ( ) a a_}/ ﬂl( )azyz ﬂl a}/ 2
1 1-e® 1
+C3 _—a{h—_—a}%—%gca v ”256% + ﬂ; 73l ﬁz T4l s, H
and

Com = - {Zl(h)_{ehhz 0) + —2- [1 b ]H
s d!

Co = l2a(0)- {22 (0) + c5h])
76

the first equation is derived by solving (D9) and the last two from the exact discrete model of
(1a).

For t =2h we obtain

14



Cs2h
Cep2h
Cepon |
[ e2h h h
AJ.h y(s)ds Ly(s)ds Ajoy(s)ds c $en &0
=011 Azy(2h) [=1A| z(h) [+ Ay Az(h) [+ A5 Co |+ O] S |+ O3 Lo
Az,(2h) z,(h) Az,(h) Cs Coh €ey0

For t=rh, r =3.... we solve recursively

Cat
fgzt =
ot
t t-h t—h
ALh y(s)ds LZh y(s)ds ALZh y(s)ds ¢ $eth $etoon
O An(t) [—A| z(t-h) |[+A) Az(t-h) |+Ag\co |+ G [+ O3 Copron
Az,(t) Z,(t—h) Azy(t~h) C3 Cegh Cegoh

Estimation methods based on the likelihood function
A. lterated ML
Steps:

1. Maximize the log-likelihood setting the observation step h=1 to derive unbiased
parameters estimates.

2. Simulate the model to find y(rh), r =1... setting h=1/12 for the monthly observation

interval.

3. Re-estimate the model using the values y(rh), r =1... from the previous step and the
monthly observations of the related series to find new estimates for y(rh), r=1....

4. The procedure in step 3 can be iterated until convergence.

B. Skipping method
Steps:

1. Run recursively the EDECM for h=1/12 12-month periods back.

2. Sum 21,2:1( )t_j =y, both sides of the equations to find a system in terms of the

observable variables

15



Solve the derived system from step 2 with respectto ¢, =[¢;, ¢ ¢a] and run recursively
until you find &,,<;15,<i_s4.---.. IN terms of the observable non-overlapping annual y, and the

monthly x, . Construct the likelihood function skipping the unobservable y,_,,.

3. CONCLUSION

This paper derives the Exact Discrete Model from an underlying continuous time
model that can be applied to estimate econometric relations on variables with different
observation interval. The EDM has the advantage of delivering unbiased estimates
independently of the observation interval in contrast to more traditional time series
models (e.g arma) and various approximations of continuous time models.

Further work is in progress for extending the class of models under consideration.

16



MATHEMATICAL APPENDIX

PART A

Proof of the Exact Discrete Model (4)

ol T aho
y(t) G| A alyt)] |5 & (t)
from (3) we obtain

[ et
J.t_h Zl(S)dﬂ _

t
'[t_h y(s)ds

t
[y, 01 [2,(t) -z, (t—h 0 &,(s)ds
I;[;ll a} {Z;Et;_?(i_h))}_ |:Zjh +|:ﬂjj':_hzz(s)d8+ .J[Eth 2
L t_hgl(s)ds
also from (A1)
|:Zl(t):| _ehn {Zl(t:h)}+r o Alt=5) {Cz}[ 0 }22(5)4{52 (5)}}(15 (A3)
y(t) y(t—h) t=h G i &1(s)
apply the operator A, in (A3) to obtain
()| an, |Za(t=h) U sy )| C2 |, | M2 0 &,()
Ah{y(t)}_e Ah{y(t_h)}+Athe {Cl}r[ﬂjs+[ﬂz}2(3)+[81(5) ds (A4)
substituting (A4) in (A2) we obtain
t
Lth(S)ds =A" eAhAh{Zl(t_h)}Ahr e““”{cﬂ{ O}Zz(S)J{gl(s)}}ds -
It y(s)ds y(t-h) t=h G LA &5(s)
t-h
[ &6
£,(s)ds
a mmmfﬁ@bs{ N ] (A5)

jt e(9)ds

(A2)

|

lagging relation (3) by h we obtain
[ e [ eaton0
_ z,(s)ds _ &, (s)ds
yt-h)| |¢ J;Zhy(s)ds B P2 LZhgl(s)ds
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and substituting in (A5) we obtain

t

t—h
Lh z,(s)ds " _L_Zh z,(s)ds . A‘l(eAh ) I{Cz }h .
c

=e

t t—h
J- y(s)ds I y(s)ds
t-h 2h

wia [ 9] ©
t-h p

1

e[ ome

t-h ;
S s
A—lAh J~t h eA(tS)|:gl((Z;:|ds L plghn -[tt—Zh &.(s) s Al J.tt—h £,5(8) i
t— &5
-[t—Zh £2(5) Lh &,(s)
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PART B

Notice that for se(t—h,t)
Z,(8)=cs(s—(t—-h))+z,(t—h) + Jthg?,(ﬁ)dﬁ
and for se(t—2h,t—h)

2,(5) = C4(s - (t —2h)) + 2, (t - 2h) +f_2h53(9)d9

substituting the last two expressions in

&f h{ea(t—s) —1}zz(s)ds+ P J‘t h{eah palt-h- s)}

L jt {c3(s—(t-h))+z2(t-h)+f 53(6)d¢9}ds+

a

Pa ahjt N {c3(s—(t—2h))+z2(t—2h)+j 53(9)d49}d5+

a

&Jj—h pa(t-s) {Cs (s—=(t-=h)+z,(t—h)+ J-ts_h &5 (H)dﬁ}ds _

a

t-h s
P L B {cs(s —(t—2h))+ 2, (t—2h) + jt RAG: g}ds _

a

—&hzz(t—h)+&hea“z2(t—2h)+

t—h
/:’22 o (t- h)I et-)gs P2 zz(t-2h)j e?" s
a

t-h
+cgh &(t h)—&csjsds P2 peanc (1 - 2h)+&e c3js ds

+&03I ea(t‘s)sds—&c3 T eat-h-9ggs P2 22.¢, h - galth=s)gs ¢
a “dn a Zdon a o

S
where
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ﬁ'z a(t s) _ ﬂ2 a(t—h—s)
jt h L ez (Ot jt Zhj £5(0)dds

d od
.L 2hg3(6) ods

Moreover notice that

B J‘t a(t-s) Bo . [ a-hos)
—£cC.| e sds ——=c¢ j e sds:——c —h
a i a Jon 3 {1 }
while
_ h

—&cgh N salth-s) g _ ﬂz e’

a t-2h _a
therefore
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%J.tt_h {ea(t—s) N 1}22 (S)dS * %f:zhh{eah —e }22 (S)dS -
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a

—£h203&+£h203&eah

2 a 2 a

182 h ah IBZ 1 ah
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also from

t—h

2,(t—2h) = 2,(t—h)-ch— [ sx(s)ds

we finally obtain relation (11)

L
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PART C

su(h) | artfacs 1&(s) AN Lan aahos 1820) |
Lﬁa(hJ‘A [t 'Lxs)}ds” [

_ _ e?ﬁ(t s) -1 0
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nal-p o ﬁlT e =1l &(s)

e}/lh _ e}/l(t*hfs)

i . 0
1| « 0 r_h erih _gah  gn(t-h-s) _ga(t-h-s) £2(8) ds =
nal=pi e b - AL E10

al i 7, —a yi-a

7(1_ e}’1(t—5) )52 (S)

t 1

I 71(t=s) _ ja(t-s)

t-h ﬂ(l_en(H))JrﬁL £,5() +i(1—ea(t_s) )51(5)
7,8 a y1—4a -a

+

i(ehh —gn(th=s) )Sz (s)

t—h "
j ds
h _,ah (t-h-s) _ gqa(t-h-s)
t-2h {_ B (e;/lh _ e71(ths))+ﬂ[e71 —-e el —e J}gz (s) +l(eah _ galt=h-s) )51(5)
a

therefore

t t-h
) _
- t-
5 J't :Bl ( eh@*))_,_&w &5 (8) +
T en ) pa a 71—a

h h -h- —h-
h ) ﬂl (ehh plth- S)) ﬂ p7h _ g8 _eh(t s) _ galt-h-s) s
£,(s)
t2n | yja al n-a n-a
1

2
f — (1 palt- s))g (s) +j*h l(eah _ palt-h-s) )51(3)

t-2h a

21



PART D

Initial Conditions

Integrating the DGP (1) in the interval [0,h] we obtain
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2,(n)-2,(0)=c,h+y johzl(s)ds + IOZZ (s)ds (D2)
2,(n)—2,(0)=csh+ johgg(s)ds (D3)

from the first two equations we obtain

a A
h h 0 h h h
R e e Y S ey g

zy(h) 2,(0)
(D4)

but

1 1
{a ﬂlrz a My
0 7y 0 1

Y
and
[a ﬁl}(h_s) a(hs) palh=s) _ g7(h-s)
el 7 =|° ﬂlT
0 o7 (h=s)

therefore from D4

h a(h) ea(h) - ey(h) h a(h-s h
{y( )}: e P {V(O)}_A—%l _eAh{Cl:|+ﬂ I 2"z, (s)ds +J‘ eA(h—S)|:gl(S) ‘
2(h) B PO ol 1T o o7 L&)

0
(D5)
Moreover from (D1) and (D2) we obtain
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solving D6 we obtain
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Substituting D5 in D6 we obtain
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