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research unit, under the title "Centre of Economic Research", in 1959. Its primary aims were 

the scientific study of the problems of the Greek economy, encouragement of economic 

research and cooperation with other scientific institutions. 

In 1964, the Centre acquired its present name and organizational structure, with 

the following additional objectives: (a) the preparation of short, medium and long-term 
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investment plans, in accordance with guidelines laid down by the Government; (b) the analysis 
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term forecasts; also, the formulation of proposals for appropriate stabilization and development 

measures; (c) the further education of young economists, particularly in the fields of planning 

and economic development. 
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groups of experts which are set up for the preparation of development programmes, and 
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The Centre is in continuous contact with similar scientific institutions abroad and 

exchanges publications, views and information on current economic topics and methods of 

economic research, thus further contributing to the advancement of the science of economics 

in the country. 
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ABSTRACT 

This paper develops a dynamic model of bargaining between a firm and a union. 

Capital is assumed to be firm-specific, so only nonnegative investments are possible. 

Collective bargaining contracts specify the level of the wage rate that will prevail for a fixed 

contract length, while the firm unilaterally chooses employment. Two types of equilibria are 

considered. In the noncooperative equilibrium, the wage-employment outcomes lie on the 

marginal revenue product of labor curve and the wage is determined by a generalized Nash 

bargain. In the cooperative equilibrium, wage-employment pairs lie on the contract curve and 

wages are set above the marginal product of labor. In this equilibrium, the firm's desire to 

reduce employment is offset by punishment strategies in which the union bargains tougher in 

the future. Existence results are established and the equilibria are characrerized for a particular 

specification of the firm's revenue function and the union's temporal utility function, using 

recursive methods. The model is calibrated on stylized facts from the U.S. economy. It turns 

out that the calibrated model can account for several other stylized facts; in particular, the 

relatively low variability of the wage rate and the countercyclicality of the union wage premium. 

Moreover, it is found that irreversibilities are crucial in this respect, in the ergodic as well as the 

nonergodic states. 
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1. INTRODUCTION 

This paper presents some initial attempts to analyze bargaining between firms 

and unions when there is uncertainty about the state of demand in future periods and capital 

is firm-specific, so that negative investment is not feasible. One of the long-term questions that 

we would like to address in this research is how irreversibility might affect bargaining outcomes 

and the cyclical behavior of variables such as wages, employment, and investment in an 

infinite-horizon bargaining game. 

Two types of equilibria are considered below. The first is a "noncooperative" 

equilibrium in which the firm sets employment along the marginal revenue product of labor 

curve after the wage rate has been set by contract for that period. As is well known in the 

theoretical literature on unionized firms, this type of solution will generally be Pareto inefficient 

(see Oswald (1985)). In the second equilibrium, the firm and union cooperate to achieve a 

Pareto efficient point, but it is required that the firm voluntarily sets employment at a Pareto 

efficient level (which will not, in the models presented below, be the level of employment that 

maximizes current profits). The firm cooperates because a failure to do so would cause a 

breakdown of cooperation in future periods (Espinosa and Rhee (1989)). It is here that 

irreversibility may be very important. If the firm chooses a greater capacity in the cooperative 

solution, a break-down of cooperation could cause the firm to "get stuck" with too large a 

capital stock, so irreversibility may make the union more powerful in the bargaining process. 

In this case wages may be high when output is low. This is consistent with the stylized facts 

of union wage behavior (Lewis (1986), Jarrell and Stanley (1990)). Further, it shows how 

wages can be countercyclical and have relatively low variability while productivity is procyclical 

in an environment where competitive behavior would have resulted in both variables being 

much more variables and strongly procyclical as in standard real business cycles models 

(Kydland and Prescott (1982), Hansen (1985), and Prescott (1986)).1 

The main problem with irreversibilities in the investment process and/or incentive 

compatibility constraints is that they make it extremely difficult, if not impossible, to solve 

infinite-horizon models explicitly. In this paper we avoid this difficulty by specifying particular 

functional forms and using recursive methods to numerically approximate the model's 

solution. 

Section 2 describes the general model. Section 3 develops the noncooperative 

solution, while Section 4 describes a cooperative solution. Section 5 develops an algorithm for 

the cooperative solution and calibrates the model on stylized facts from the U.S. economy. 

Both equilibria are simulated and their ergodic (invariant) distributions are computed so as to 

obtain various measures of volatility, persistence and comovement. Section 6 is the 

conclusion. 
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2. THE MODEL 

We consider bargaining over time between a single firm and a single union. In 

each period t, the firm produces a single product, Y, using capital, K, and labor, L, according 

to a Cobb-Douglas production function of the form: 

Yt-f(Kt,Lt) = ecKt
aLt

1-Q; A>0, ae(0,1) (1) 

where: 9t is a nonnegative time dependent parameter that incorporates stochastic productivity 

shock (or Solow residual), in period t. We take { 6 t : t € N^} to be a Markov chain with 

finite support, Θ, indexed by ScN + and probability transition function given by: 

probie t + 1=e(s)|e t = e(r)] = Xrs; Xrs€[0,1), Vr.seS (2) 

The capital market is competitive, but, once installed, capital becomes firm-specific and 

cannot be resold. That is, gross-investment is constrained to be nonnegative: 

Ι ^ Κ , ^ - Ο - δ Ι Κ ^ δ β ί Ο , Ι ) (3) 

Labor services are supplied by a single union. The union's preferences are 

characterized by an infinite lifetime utility function of the form: 

£ 0 * u ( w t ,L t ) 

where: Be(0 ,1 ) is a constant discount factor and u(w , L ) is a temporal utility 

function, of the form: 

u(w t ,g = (wt-wj%<p€(0,1) (4) 

where wt is the real wage rate in period t. This form of union preferences corresponds to the 

"utilitarian" model of McDonald and Solow (1981) and Oswald (1985), where the representative 

union member has a constant relative rate of risk aversion, provided that union membership 

is fixed3 The parameter w is frequently interpreted as an "alternative wage" for union 

members, so that the ratio of w to w may be interpreted as the union wage differential. 

The demand for the firm's product is characterized by a constant-price-elasticity 

inverse demand function of the form: 
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Ρ,-ΑΥ*; A>0, εβ(0,1) (5) 

where pt is the relative price of the firm's product. 

The firm's expected present value, as a function of the sequences of capital, 

labor, and wages, is given by: 

ll({K^ifLttw^m

tm0!(K0tBo))^E0J^pt(ptYrwtLt'I1:) 
t-o 

=£„£ tHri?k?L?-vj.t- [JCM- (1-*) Kt] ) 

(6) 

where E0 is the expectations operator, conditional on information available at time zero, 

(KQ.ÖO)4 The parameter ße(0,1) is the firm's real discount factor in all periods α0 = (1-ε), 

α1 =α(ΐ-ε), and α2 = (ΐ-α)(ΐ-ε). Moreover, it is implicit in (6) that investment goods are taken 

as the numeraire and their price is normalized to one in all periods. Some additional technical 

restrictions on preferences and technologies will be imposed later, as required by theory. 

In each period, there are three stages which describe the rules of behavior: 

Stage 1: At the beginning of period t, "Nature" chooses Gt according to the 

probability distribution described above. 

Stage 2: The players bargain over the wage rate in period t having observed 

"Nature's" choice in Stage 1 and all variables determined in past periods. 

Stage 3: The firm chooses employment and investment for period t, having 

observed the moves in Stages 1 and 2 and all variables determined in 

past periods. 

Clearly, the sort of questions we are interested in can only be addressed in a 

dynamic and stochastic set-up. Although this set-up is new in the literature of collective 

bargaining, our formulation draws heavily from that literature. Thus, ignoring capital, this 

formulation corresponds to what is called the "right to manage" model.5 Manning (1987) has 

shown that this formulation is a special case of a two-stage sequential bargaining set-up, where 
ß 7 

the firm and the union bargain first over the wage rate and then over employment. ' Treating 

capital as a variable factor of production (i.e., in the absence of irreversibility constraints, 

adjustment costs, time-to-build technologies, and the like) our set-up corresponds to what is 
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referred to as a situation of "non-binding wage/employment contracts", where contracts are 

signed after the firm commits to a specific investment level. This is the standard union labor 

market set-up.6 Grout (1984) showed that in this case capital will be lower than in a situation 

of binding wage/employment contracts, where contracts are signed before the monopoly 

commits itself to a specific investment level, provided that the resale price of capital is less than 

its purchase price. The rational for this is that without binding contracts a union cannot credibly 

commit to a wage that is conditional on the firm's investment.9 Similar results have been 

obtained by Van der Ploeg (1987) in a dynamic, due to capital adjustment costs, but 

deterministic set-up, where only noncooperative behavior is considered. 
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3. THE NONCOOPERAT1VE EQUILIBRIUM 

We begin by considering a stationary noncooperative equilibrium of this game 

when the bargains over wages are determined by a Nash solution in Stage 2 of each period 

(Nash (1950), Roth (1979), and DeMenil (1981)). As is well known, this solution picks the wage 

which will maximize a geometric average of the players' payoffs minus what they would get if 

there were disagreement and no trade took place. This, of course, must take as given the 

firm's optimal rule for choosing employment after the wage is set. By stationary, it is meant 

that the strategies in each period depend only on the current state. That is, the strategies 

depend only on the level of the capital stock and the current demand shock and not on the 

history of the game prior to that point, except in as much as this affects the level of the current 

capital stock. At this type of equilibrium, the firm's optimal choice of employment will maximize 

its current profit rate, so the optimal employment can be found by applying the usual marginal 

productivity condition. Further, since investment in the current period affects only future 

revenues, at a stationary equilibrium, so the optimal investment policy will not depend on the 

outcome of the current wage bargain. Thus, the firm's payoff minus what it gets if there is 

disagreement is just current revenue minus the wage bill. If there is disagreement, 

employment is zero, so the union's disagreement payoff is zero. Thus, the union's payoff 

minus its disagreement utility is just the union temporal utility itself, u(w,L). Formally, then, we 

make the following: 

Definition: A noncooperative stationary equilibrium of the game defined in 

Section 2 is a sequence {wt,Lt,Kc^ ) such that: 
C-0 

( i ) wt = w(Ke,Bt) ,Lt=L(Kt,et) , and Kttl=K(Kt,6t) ; VteN+ 

and foz {K0 ,θ 0 ) given. 

Hi) Given Kt and ΘΓ, 

wr-argmaxiu( w, Lc)
 μ [ptYt-wLt] ) (7) 

w 

s . t . Lt=argmax[pcYc-wcL] ; VteN. and (8) 
L 

(Hi) iKt^ I = argmax TL{\xt^tLt, wt } ; ( χ 0 , θ 0 ) ) (9) 
C-C - C-0 

l x e M Ì 

s. t. χΐΦΐ ;> ( l - ô ) x t and x0=K0 . (10) 
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Equation (8) implies that the marginal revenue product of labor equals the wage rate. In (7) 

the parameter μβΚ. is usually referred to as the union's "relative bargaining power" (See, for 

example, Svejnar (1986)). 

It is straightforward to show that the wage which maximizes (7) subject to the 

marginal productivity condition (8) is given by: 

μ + α 2 

*V= = W 

[1-(1-α2)φ]μ + α 2 

OD 

while, ignoring time subscripts, the firm's revenue minus the wage bill is given by: 
»2 »0 «1 

ρν-^/.=(1-α2)(-^)'"β 2θ1"*2Κ'1"β ΐ 

w 
(12) 

Thus, given equations (1), (3), (5), (11) and (12), the firm's cash flow in period t, as a function 

of K, K\ and Θ, can be written as: 

«0 «1 

F{K,K',d)=B βλΛ2Κ'~Λ2+0-6)Κ-Κ' 
(13) 

where B>0 is constant over time. The properties of this function, which we shall need later, 

can be summarized as follows: 

Remark 1: (a) F(K, Κ', Θ) is real valued, strictly increasing and strictly concave in K, 

strictly decreasing and affine in K', and concave in (Κ, Κ'), νθΕθ. 

(b) There exists a K€ ( 0, oo ) such that F(K, Κ, Θ) <. 0, V K^K & θ β θ . 

Proof: (a) The fact that F(K, K\ Θ) is strictly increasing and strictly concave in Κ 

a, 
follows from the facts Β >0 and α +α = 1 - ε < 1, so that 0 < < 1. 

1-α2 

The other properties are obvious. 

(b) Let 6=max 6 ( s ) , s€S andsolve F (Κ, Κ, θ ) =0 f o r Κ. It follows 

that: 
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κ= fr-i·1 
e (o,~ ) . 

Hence, it follows from Part (a) that: 

F(K,K,9) <. 0 VKiK & θ €θ. Q.E.D. 

Clearly, any level of capital above Κ would have resulted in revenues that would not have been 

enough to cover depreciation. Thus, an implication of Remark 1 is that for any initial capital 

stock, K, the firm's optimal choice of capital in the next period will lie in the compact set, 

Γ ( Κ ) = [ ( 1 - 6 )K,K ] . 

Because the choice of capital in any period will affect the set of feasible choices 

of capital in all future periods, it is difficult to use Euler-Lagrange equations to solve for the 

optimal investment policy.10 Fortunately, there are easier methods for finding that policy. 

Let Vn:[0, Κ ]ΧΘ - R be the firm's value along an optimal path for capital. Then 

Vn must satisfy: 

V(KQ(Ò)= max (F [Αζ* ' ,β«}+βΣ XnV(K',B(s))) 
K'eTïK) seS 

(14) 

Let Ψ be the space of all bounded, continuous functions mapping from [0, Κ]ΧΘ to R with the 

sup-norm. Define Τη:Ψ-Ψ as follows: 

(r"V)(K,6(r))= max (F [Κ,Κ'ΜΜΣ λ , , ^ , β » ) ) 
Κ €Γ(Κ) seS 

(15) 

Then, it can be shown that: 

Remark 2: (a) Tn is continuous in Φ and satisfies Blackwell's conditions, so that Tn is 

a contraction mapping with modulus £3 in Ψ. Vn is a fixed point of Tn 

and, since Tn is a contraction mapping, Vn is the unique fixed point of 

T. Moreover, if we begin with an arbitrary function VQ in Ψ and define the 

sequence {V} by V | + 1 =TnV. this sequence will converge monotonically 

toVn. 

(b) Vn is strictly concave so that the optimal capital stock at the beginning 

of next period, 

K(K,B(r) ) =argmaxi F[K,K',d{r)} +ß £ Xzs Vn [Κ1, 
κ' _s € s (16) 

Bis) } ) , \f{K,B) e [ο,Κ ] χ θ 
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is uniquely defined. 

Proof. The proof of Part (a) follows from standard arguments. See, e.g., Lucas and Stokey 

(1989, pp. 66-102). The proof of Part (b) can be found in the Appendix. 

Collecting results, we have established the following: 

Proposition 1 (Existence): There exists a unique noncooperative stationary equilibrium 

to the game of Section 2, which is characterized by (11), (8), and (16). 

Since (14) cannot be solved analytically, the last point of Part (a) of the 

preceding remark suggests also a way of approximating Vn numerically and, hence, 

approximate the optimal investment policy in (16). We shall follow this path in Section 5. 
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4. A COOPERATIVE EQUILIBRIUM 

At the equilibrium discussed in Section 3, the wage-employment pairs lie on the 

marginal revenue product of labor curve. At these points, the firm's iso-profit curves have zero 

slope, while the union's indifference curves are downward sloping. Thus, these points are not 

Pareto efficient. In fact, the set of Pareto efficient points-the contract curve-will lie to the right 

of the marginal revenue product of labor curve (See, for example, McDonald and Solow (1981), 

Oswald (1985), and Figure 1, below). While both the union and the firm have an incentive to 

move to one of these points at which both could be made better off, there is a problem if only 

wages are set contractually in that the firm will have an incentive to set employment along the 

marginal revenue product of labor curve. The question, then, is how to make it incentive 

compatible for the firm to hire more workers than static profit maximization would dictate. 

As in Espinoza and Rhee (1989), we use punishment strategies off the 

equilibrium path to support outcomes that Pareto dominate the equilibrium on the marginal 

revenue product of labor curve. To keep the model as simple as possible, we avoid issues 

related to renegotiation proofness and focus on the simplest kind of punishment strategies, 

namely, reversion to an equilibrium of the stage game. This, again, is the same as in Espinosa 

and Rhee. 

Our equilibrium concept, however, is somewhat different from that used in 

Espinosa and Rhee. The argument here is that if the union bargains as tough as it can, it is 

capable of forcing the contract wage up to the level given by the noncooperative solution 

discussed in Section 3. At the cooperative solution, the union relaxes its demands and allows 

the contract wage to be lower. It does so, however, expecting the firm to cooperate and set 

employment along the contract curve. Should the firm cooperate, the union continues to 

cooperate in the future. Should the firm renege on this implicit agreement, the union stops 

cooperating and begins forcing the wage as high as it can. The firm thus has a choice 

between reneging and taking a higher current profit or cooperating and ensuring lower wages 

in the future. For the firm to cooperate, the union must set the wage so that the firm's value 

from cooperating is at least as great as its value if it reneges. It is presumed that the union's 

choice in any period will be the highest wage at which the firm is willing to cooperate. That 

is, the firm should be indifferent between cooperating and reneging. This point is chosen since 

it is the union that concedes, so, by deciding how far to concede, it is essentially picking the 

wage. The union picks the wage that maximizes its temporal utility because it does not have 

a commitment technology to bind its choices of wages in the future [van der Ploeg (1987)]. 

In order to define the underlying equilibrium more rigorously, define the function 

Ln(K,9,w) as follows. For any wage w^w, Ln(K,6,w) gives the level of employment such that 
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the marginal revenue product of labor equals w, given that the capital stock is Κ and the 

current demand shock is Θ. Then, we make the following: 

Definition: A cooperative stationary equilibrium of the game defined in Section 2 is a 

' sequence w', L*, K ^ } " . 0 such that: 

(i) w ' = w c ( K t / 0 t ) , L ; = L C (K;,6 t ,w; ) , and 

K*. ! =KC (Kt, 6 t ) ; Vt€N+ and for (K0, 6J given. 

(ii) Given Kf and ΘΓ 

( w t , L t ) f C I ( w c , L c )€ [w,co ) χ [Ο,οο ) | 3 Ü*0 3 

(wc, Lc ) = argmax {(pY-wL ) s . t . u (w, L ) = ΰ }. 
<w . 1 ) 

(iii) ÎKJ.,)" = argmax Π ( { χ ΐ + , , Lc ( x t , 6 t , w' ) , w c ( x t , 6 t ) ζ . 0 ; x o , θ β ) 
t - ο 

t - 0 ' f 1 

S.t. 

Π ({ κ£ 1 X^jB^ ),wc(Kt

c,9t )} "_ o ; (Ko ,θ 0 )) = 

Π ({ r £ 1 ,Ι^Κ,,Θ, ),wd(Kl

d,et ) f o ; (r^ ,θ 0 )) 

x^ ., ζ (1 -δ )xx and for χ0=Κο ; 
(17) 

where 

.ö. ÖKÖJ (wt
c,Lt

n </ς.β,ιθΛ-ι>. « 

Note that Lc(K,9,w) gives the level of employment along the contract curve when the wage is 

w, the capital stock is Κ and the current demand shock is Θ.11 Also, note that the defection 
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d d r path Ικ. φ ,, L t , wt ) is the same with the noncooperative path (κ , L , w Γ for ail 
t - 0 t + ' T l t« 0 

periods other than period 0. 

Figure 1 : Static Cooperative and Noncooperative equilibria 

d d d 

In period 0, (K,,L0,w0 ) corresponds to a hypothetical situation where in 

Stage 2 of the game, the union accepts the cooperative wage rate, wc (Κ0,θ), anticipating the 

firm to choose the cooperative employment in period 0 and capital stock at the beginning of 

period 1, in Stage 3 of the game. But, under this defection path the firm chooses the 

noncooperative levels of these variables. The noncooperative employment in this case (Point 

D in Figure 1) is different from the one that would have prevailed under the noncooperative 

solution (i.e., point N). However, the capital stock at the beginning of period 1 would be the 

same along the two paths. For, as already explained, the capital stock at the beginning of next 
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same along the two paths. For, as already explained, the capital stock at the beginning of next 

period is independent of the current employment and wage rate choices, in the noncooperative 

solution. The problem with this equilibrium, however, is that we cannot characterize the wage 

policy function before the investment policy function. 

Our model relates to several models in the recent literature on other topics. 

First, it shares the set up of a stochastic, recursive problem with non-recursive constraints in 

Green (1987), Phelan and Townsend (1991), Green and Oh (1991), Atkeson (1991), and 

Atkeson and Lucas (1991). In one sense, our model is easier to handle since there is no 

private information. However, since the probability distribution of the shocks depend on past 

realizations of the shock and the capital stock is irreversible, our model has dynamic elements 

that make applying the techniques developed in these papers difficult. A possibility is to follow 

fully recursive methods in solving our model may be provided by Marcet and Marimon (1992) 

who introduce Lagrange multipliers, as mentioned earlier. 

Let g(k,G) be some function which determines a wage rate for any combination 

of the capital stock and demand/productivity shock. Thus, initially, we make the following: 

Assumption 1 : g ( . , . ) : f 0,Κ1χθ[ w,co) i s continuous in K, V8e©. 

Let: 

ABWL "[Κ.Θ;ρ(Κ,θ)Ρ-0(/<ΘΚ "[K&giKfi)] 

and 

A6a°Km*L <\Κ,6,9(Κ#))·>-&Κ,6)ί. <\K,B,g(K,e)} 
(18) 

Clearly, Hd(K,6;g) and HC(K, Θ; g) give the firm's quasi-rent (revenue minus wage bill) as a 

function of (Κ,θ) if it defects and sets employment along the marginal revenue product of labor 

curve and if it cooperates and sets employment along the contract curve, respectively, when 

wages are determined by the function g(.,.). Let V^K.Big) and Vc(K,9;g) be the firm's value if 

it defects and if it always cooperates when wages are determined by g(.,.). Then, the latter 

function must satisfy: 

yiKWM· max I f fWiMÜHl * * ) * - * ' 
tfe Γ (Κ) 
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As before, for all K> Kc, where Kc is defined analogously as K, revenue will not 

even cover depreciation, so it will never pay to invest beyond Kc. Thus, the return function, 

Hc(.,.;g) + (1-5)K-K\ will be bounded above in [ 0 , K C ] 1 2 . We define the mapping T°: Ψ-

Ψ as follows: 

(rcV)(/C6(/);p)= max \HHKßVM*Q-*)K-K' 
Κ '*(1 -6)K 

•β Σ λ„ΚΚ",θ(/);£ή) 
H S 

(20) 

It can be shown as in Remark 2, above, that: 

Remark 3: Given Assumption 1, Ie is continuous in Ψ and satisfies Blackwell's conditions, 

so that Tc is a contraction mapping with modulus 0 in Ψ. Ve is a fixed point of 

Tc, and since Tc is a contraction mapping, V is the unique fixed point of Τ . 

Moreover, if we begin with an arbitrary function VQ in Ψ and define the sequence 

{V.} by V| + 1 *Τ°\Λ, this sequence will converge monotonically to Ve. 

Obviously, this result applies to any continuous function g(.,.). Further, for any 

continuous g(.,.) the equilibrium policy may not be uniquely defined. For, we know nothing 

about the curvature properties of this function as well as those of the functional Ve. That is, 

we cannot establish the cooperative equilibrium counterpart of Part (b) of Remark 2. Instead, 

we let the underlying economic forces guide us in searching for a continuous wage function 

that satisfies the equilibrium conditions. 

We search for a wage function that makes the firm indifferent between 

cooperating and reneging at any combination (Κ,θ). Define χη(Κ,θ) to be the policy function 

associated with the noncooperative equilibrium defined earlier. That is, χη(Κ,θ) gives the firm's 

optimal choice of Kj + 1 given that (1^,9^ = (Κ,θ). Similarly, define xc(K,G;g) to be a policy 

function associated with the cooperative value function when wages are determined by the 

function g(.,.). Note that we do not know if xc(.,.;g) is unique. If the firm reneges, it will get: 

vd(KMò;&=H^KMi)'.g(K,Q(ò)Hì-à)i<-xn(i<Mi)) 
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Thus, for the firm to be indifferent between cooperating and reneging it must be that: 

Vc{., .;g)=Vd(., . ; g ) (22) 

Suppose we have an initial guess, g0, for the union's wage function. From this 

we can calculate the firm's cooperative value function, \Ζ°(.,.'^. Now, suppose the firm 

expects wages in all future periods to be determined by gQ. Then, for each (Κ,θ), we can 

calculate what the firm's value will be if it cooperates and what its value will be if it reneges, 

as a function of the current wage. We can then find the wage at which the firm is just 

indifferent between cooperating and reneging at each (Κ,θ). This gives us a new function, call 

it g0(K,G). This introduces an operator, say, Τ such that g0(K,9)=T g0(K,9). In view of (15), 

(18), and (21): 

Ηί\Κβ(ή]Γΰ{ΚΜι))Π^-ά)Κ-χ<\^(ή',0{^{'))] 

*ΡΣλι.^1Ί^θ(/)Λ^Θ(#))]Ιθ(^;ρ(/Γ1θ(/)] 

The term on the l.h.s. of (23) is the firm's value if it reneges and the term on the r.h.s. of (23) 

is its value if it cooperates. Thus, we are looking for a fixed point of Τ . 
* 

Next, we show that under some mild technical assumptions, Τ has a fixed point 

in Ψ First, we impose a "free disposal" type assumption, whereby at the beginning of any 

given period the firm can discard costlessly some of its existing capital stock. Then, if the firm 

at the beginning of a period has available capital Κ it may use x1 <. Κ capital during this period. 

However, we require that there exists an arbitrarily small lower bound on the stock of usable 

capital K, beyond which production is not possible. Formally, if x1 stands for capital used in 

any given period and x2 stands for capital at the beginning of the next this period, we restrict 

the feasibility correspondence and the quasi-rent function of the firm as follows: 
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Assumption £ 

3 K>0 3 

Γ : [ Κ ,Κ ] [Κ,Κ ) x [ K , K ] 3 

Γ(Κ ) «{(x^Xj ) j K s x ^ K , max {Κ, ( 1 - δ ) χ 1 } s χ 2 £Κ } 

is the feasibility correspondence and 

Η (X1 , 6 , w ) : [Κ,Κ ]x θ χ [w ,co ) R 3 

Η (x 1 , 6 , w ) = θ χ ^ (x 1 , θ ,w )° 2 - w L ( x 1 # e , w ) 

is the quasi-rent of the firm, in all periods. 

Also, we restrict the range of g so that g(K, Θ) is bounded away from w. 

Assumption 3: 

3 A > 0 3 g ( . , . ) : [ K / K ] χ θ [w+Δ, ( 1-φ ) " 1 w ] 

If w is the reservation wage of a union member, it is not very restrictive to focus attention on 

cooperative wages that are higher but arbitrarily close to w. In the preceding assumption the 

upper bound on the range of g involves no loses of generality as: 

Remark 4: The difference between the quasi-rents of the firm under defection and cooperation: 

Hd[K,e,w]- Hc[K,6,w]E 

{R[K,Ln(K,e,w )]-wLn(K,e,w )} - { R[K,Lc(K,0,w )]-wLc(K,6,w)} 

is strictly increasing in w over [w, ( 1 - 0 ) " 1w ) and approaches plus infinity, as w 

approaches ( 1 - 0 ) " 1 w from below. Here, Hc refers to quasi-rents along the contract curve 

and H d refers to quasi-rents on the marginal revenue product curve. 

Proof: The derivative of the difference in the quasi-rents with respect to w, is 
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i[RL (K,LVw ] — - L n } - i[RL ( K ^ - w ] — - L c } 
dw 8w 

By the Envelope Theorem, the first term inside brackets in the above expression is 

zero. Therefore, the above derivative is equal to 

{ W - R L (K,L C ) ] • ( L c - L n ) 

Since, on the contract curve w>RL(K, L°) and , ( L c - L n ) are greater than zero, 
dw 

the above expression is str ict ly posi t ive. Moreover, since 

dhc 

Ln, , and [w-R (K,L C ) ] remain finite as w approaches ( 1 - 0 )" 1 wfrom 

below while Lc approaches plus infinity, this difference tends to plus infinity as w 

approaches (1-0 ) " 1w from below. Q.E.D. 

In view of (19) and (22), the last part of the preceeding remark implies: 

Corollary 1: l i m Vd-Vc = +oo 

* ( 1 - * ) " w 

Hence, ( l - φ ) ' * & will never be part of a cooperative equilibrium. 

We may now state the main result of this paper. It can be shown that Τ , 

defined in this way, maps from a compact convex subset of the space of bounded, continuous 
* 

functions (with the sup-norm) back into itself and therefore that Τ has at least one fixed point. 

Moreover, this fixed point will satisfy the equilibrium condition set out at the beginning of this 

section. 

Proposition 2 (Existence): Let Ψ be the space of bounded and continuous functions from 

[Κ, Κ) χ θ - ltf+Δ , ( ι -φ) _1jtf] .Given Assumptions 2 and 3 there exists a g ' e T such that 

9 * = T V . 
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Proof: In the Appendix. 

That is, Assumptions 2 and 3 imply Assumption 1. Hence, 

Corollary 2: Given Assumptions 2 and 3, provided the union is at least as well off 

cooperating at a fixed point of Τ as at the noncooperative equilibrium, there will 

exist at least one cooperative equilibrium to the game of Section 2. 
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5. QUANTITATIVE THEORY 

5.1 General 

As usual with stochastic dynamic models, the nature of our problem precludes 

us from being able to derive analytical results about the invariant distribution of the underlying 

equilibria. Thus, we cannot obtain analytic answers to the questions motivating this paper. 

For example, we cannot provide an analytic answer to whether the union wage rate differential 

(w/w) behaves procyciically or countercyclical^ over the business cycle. And, in particular, 

what is the role of investment irreversibilities in this behavior? Some light to the answer of this 

type of questions can be shed, however, by the use of the computational experiment. 

Following recent developments in quantitative theory we calibrate our model on stylized facts 

from the U.S. Economy. Before doing so, however, we need an algorithm for computing g . 

5.2 An Algorithm for Computing g 

The fact that the value of reneging minus the value of cooperating is strictly 

increasing in the wage (i.e., Remark 4), can be useful in this respect. For, it suggests the 

following strategy: 

Find (T'g^K.B): Begin searching at w+Δ and move upwards until a wage is 

found at which reneging is worth as much as cooperating. A technical problem arises here 

in that, if the initial wage function is too high, the firm may prefer reneging even at w+Δ. If this 

is the case, we set (T*g0)(K,9)=w + A. 

Formally, then, Remark 4 suggests the following algorithm for obtaining the wage function: 

Step 1: Set g 0 to any arbitrary element on Ψ (e.g., g(K,9) = w + Δ). 

Step 2: Compute the firm's value function under cooperation and wage function g 0 , 

vc(.,.;g o). 

Step 3: Compute the firm's value function minus its currrent period quasi rent under 

cooperation and noncooperation, using the wage function g 0 . That is, 

Qc(K,e;g0)= max [-y+BEe Mc(ytB
,;g0 ) ) 

y € Γ (Κ ) 

and 

Οη(Κ,θ )« max [-y-β EQ Vn(y,G/ ) ] 
y e Γ (Κ ) 
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\C Λ Π 
Step 4: (a) Choose Κ and Θ. If Q - Q >. 0, (given Remark 4) compute g1 in Ψ as 

follows: 

Start from yv + Δ and proceed upwards in the grid over [ w. + Δ, (1 - φ)*1 w. ] 

until for some g1 e Ψ 

Η*(Κ£,0ι )*Qc(K,e;g0 ) < H d (Κ.θ;β1 )+Οη(Κ,θ ) 

Then, set g1 (Κ, Θ) as the next lowest point in the grid. 

(Clearly, g., is the highest point in the grid for which cooperation is as good as 

defection. In other words g1 • Τ g Q in the grid). 

(b) If Qc - Qn < 0, (given Remark 4) set g 1 = w + Δ (Clearly, in this case 

there is no point in the grid that makes cooperation as good as 

defection). 

Step 5: Substitute g1 for g 0 and repeat Steps 1 to 4, until T*gn - g n , η € N++. Set 

Unfortunately, Τ is not a contraction mapping and applying it iteratively starting from a few 

different initial functions will typically fail to locate a fixed point. For our calibration values, this 

algorithm failed to converge. However, a modification of this algorithm where Step 5 was 

replaced by: 

Step 5': Substitute og0 + (l-o)g1 for g0, σ € (0 , 1 ) . 

This algorithm converged for several sets of admissible parameter values we tried. In fact, 

there is an interesting economic rational for this modification. When, gQ is lower than the 

equilibrium (fixed point) wage function the value of the firm under cooperation is relatively 

large. In this case, the wage function that would make the firm just indifferent between 

defection and cooperation if it expects g0 to prevail in all periods but the current period is 

higher than the equilibrium. Thus, Τ tends to overshoot g . (See Figure 2, below). The 

modification of Step 5' avoids this kind of overshooting.13 
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Figure 2: Wage policy function overshooting 

5.3 Calibration 

For the purposes of this section we view our model as characterizing behavior 

in the unionized sector of an economy consisting of unionized and nonunionized sectors. For 

this matter we shall think of w as the wage rate in the nonunionized sector. Moreover, we shall 

assume that preferences and technology are the same in both sectors. These assumptions 

have two major implications. First, we can borrow parameter values from the Real Business 

Cycles literature (RBC); and, second, we can attribute differences in the behavioral patterns of 

the endogenous variables of the model to differences in the nature of the labor market rather 

than differences in parameter values or preferences and technology. In addition we assumed 

that the productivity shock θ may take a different value at the beginning of each month but 

that wages, employment, and investment are chosen at the beginning of each year, after the 

state of nature of the last month of the preview year has been observed and before the state 

of nature of the first month of the current year has been observed; and are constant over the 

year. Thus, the only variables that are permitted to change over the year are output and the 
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price level. The reason for introducing this complication is a technical one. Namely, we could 

not make the nonnegativity constraint on investment ever binding in the ergodic distribution 

for "reasonable" differences in θ between high and low productivity while still trying to match 

productivity transition probabilities with average duration of recessions and expansions in the 

post-World War Π US data. More on this issue later, when the pertinent transition probabilities 

are set. Thus, we assigned values to the parameters of our model as follows: 

A = 1 : This is a scale parameter and does not affect the variability or comovement 

properties of the equilibria, 

δ = .1: This is the standard annual physical capital depreciation rate assumed in RBC 

models (Kydland and Prescott (1982)). The preceding value assignment 

implies, as already noted, that we consider the time period of the model to be 

one year. Thus, the contract period between the union and the firm is also a 

year. The average contract length is probably longer than a year. The model 

can easily be extended to account for this but we chose not to do so here in 

order to avoid additional complications. 

3 = .96: This corresponds to the standard annual pure rate of time preferences used in 

RBC models (Kydland and Prescott (1982)). 

α = .36: This parameter is the standard capital elasticity of output used in RBC models 

(Kydland and Prescott (1982)). 

ε = .5: This corresponds to the typical price elasticity (1 /ε) of 2.0 found in the empirical 

monopoly, oligopoly, and monopolistic competition literature. 

μ = 1 & φ = .5546218: 

μ is the relative bargaining power of the union coefficient. It corresponds to an 

absolute bargaining power, λ, of the union coefficient of .5. That is, if V = U y

x 

UF

1"\ λ ε (0,1), where Uy, UF, is the utility of the union and the firm, 

respectively. Then, maximizing V is equivalent to maximizing 

1 λ 

ν 1 " λ = Όυ UF =Uu UF. Svenjar (1986) in a deterministic and static version 

of our model could not reject the hypothesis of λ = .5 for a number of U.S. 

firms with a unionized labor force. His results were obtained for various values 

of φ, that whenever estimated were done so rather imprecisely. So, we take μ 

to be one while we let φ to be determined by the fact that a 1.4 wage differential 

is a reasonable upper bound to this differential according to the empirical labor 

literature Lewis (1986) and the metaanalysis work of Jarrell and Stanley (1990). 

Thus, using (11) for w/w = 1.4, yields φ = .5546418. 
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θ ° = < 
3.2 Low productivity state 

4.8 High productivity state 

is also a scale parameter. So, its absolute value is not of any consequence. The ratio 

between high and low value of Θ, however, is important for whether the irreversibility 

constraint becomes binding at some point or not. We have chosen the low value of 

θ to be 33% smaller than the high value so that the irreversibilities are indeed relevant 

in equilibria. Similar results were obtained letting the low value of θ to be 26% smaller 

than the high value of this parameter. 

Prob (θ) + 1 = 3.2 Ι θ: = 3.2) = .944444 

Prob (θ) + 1 = 4.8 I Qi = 4.8) = .969697 

These transition probabilities are set in such a way so as to match the average 

expected duration of post World War Π US expansions and contractions. According 

to Zanrowitz (1986) these average expected durations are 18 months for contractions 

and 33 months for expansions. The monthly transition matrix of 

0.944444 0.0555556 

0.030303 0.0969697 
corresponds to an annual transition matrix of 

0.944444 0.0555556 

0.030303 0.969697 

12 
0.5733 0.4267 

0.2328 .7672 

Ö L ° = 3 . 2 α η Η θ £ ° = 4 . 8 

In computing the 

approximate solutions, we can replace W L ' " and w// '"' ' with their "certainty 

equivalent" values {3.6273536 and 4.5668556) values and solve the problem for annual 

outputs. That is, the "certainty equivalent" values yield the same expected revenue for 

the firm if θ were fixed over the course of the year. 

For these parameters, the operator Tn was applied iteratively starting with an 

initial function which is identically zero. The noncooperative union wage, for these parameters, 

is w= 1.4. The firm's optimal policy has it investing up to K= 10.125 when productivity is high 

(6 = 4.5668566). If productivity is low a sufficient number of periods in succession, the optimal 

policy has the capital stock falling to Κ=8.8. When there is a transition from high to low 

productivity, the irreversibility constraint will be binding and the firm allows the capital to wear 

out through depreciation to 9.125. If productivity remains low, the firm chooses 0.587 

investment and Κ falls to 8.8. There-after, the firm maintains the capital stock at 8.8 until 

there is a transition back to high productivity. There are thus, six possible states that occur 
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TABLE 1: ERGODIC DISTRIBUTIONS: NONCOOPERATIVE EQUILIBRIUM 

θ Κ' Ι L w Υ ρ LRF 

1 
2 

3 
4 
5 
6 

8. 
9. 

10. 
8. 
9. 

10. 

,800 

. 125 
, 125 
.800 
, 125 
. 125 

3, 
3. 
3, 
4 , 
4 . 
4 

.627 

.627 

.627 

.567 

.567 

.567 

8. 
8. 
9. 

10. 
10. 
10. 

,800 
,800 
, 125 
. 125 
. 125 
. 125 

0, 
0, 
0, 
2 
1 
1 

.8800 

.5875 

.0125 

.2050 

.9125 

.0125 

1 
1 
1 
1 
1 
1 

.350 

.363 

.401 

.894 

.912 

.966 

1 
1 
1 
1 
1 
1 

.400 

.400 

.400 

.400 

.400 

.400 

34. 

35. 
37. 
68. 
70. 
73. 

.88 

.56 

.57 

.68 

.01 

.97 

.169 

. 168 

.163 

. 121 

. 120 

. 116 

. 1 16020 

.086352 

.150623 

.086352 

.064271 

.496382 

LRF=Long run frequency of state, s 

TABLE 2: ERGODIC DISTRIBUTIONS: COOPERATIVE EQUILIBRIUM 

Κ θ Κ' I L w Y p LRF 

1 10.000 3.627 10.000 1.0000 3.058 1.222 61.65 .127 .116020 
2 
3 
4 

5 
6 

10. 
1 1 , 
10, 

10, 
1 1 , 

. 125 

.250 

.000 

. 125 

.250 

3. 
3, 
4 

4 . 
4 

.627 

.627 

.567 

.567 

.567 

10 
10 
1 1 
1 1 
1 1 

.000 

. 125 

.250 

.250 

.250 

0. 
0. 
2. 
2. 
1 , 

.8875 
,0000 
.2500 

. 1375 

. 1250 

3, 
3, 
4 , 
4 , 
4 , 

.068 

. 154 

.202 

.214 

.317 

1 
1 
1 

1 
1 

.222 

.222 

.207 

.207 

.205 

62. 
65. 

119. 

120. 
127, 

.04 

.60 

.75 

.51 

. 1 1 

. 127 

. 123 

.091 

.091 

.089 

.086352 

. 150623 

.086352 

.064271 

.496382 

LRF=Long run frequency of state, s 

along the equilibrium path corresponding to the three possible levels of the capital stock (8.8, 

9.125, and 10.125) and the two possible equivalence levels of the productivity shock 

(Θ = 3.6273536 or 4.5668556). Table 1 gives the ergodic distributions of the pertinent variables. 

That is, the values of the relevant variables across these six states along with the long-run 

relative frequencies with which each state occurs. 

For the cooperative equilibrium Tc and Τ were jointly applied iteratively and 

converged for σ =.96. As in the noncooperative equilibrium, in the cooperative equilibrium 
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there are also six possible states which occur along the equilibrium path, corresponding to 

three possible levels of the capital stock for each of the two possible levels of the productivity 

shock (at this equilibrium, the union is strictly better off than along the noncooperative path; 

also, the lower bounds on capital and wages never bind and the firm would never make use 

of its ability to freely dispose of some of its capital). In the cooperative solution, the firm 

invests up to Κ = 11.250 following a period with high productivity (as compared to 10.125 in the 

noncooperative equilibrium). If low productivity persists long enough (two or more periods) 

the capital stock falls to 10.000, after which the firm maintains this level until there is a 

transition to a high-productivity state (this is compared to Κ = 8.8 in the noncooperative model). 

As expected, therefore, the firm increases its investment when there is cooperation with the 

union. The ergodic distribution of the cooperative equilibrium shows up in Table 2. 

Wages are lower and employment is higher in the cooperative, as compared to 

the noncooperative, solution. (See, also Tables 3 and 4.) Again, this is as expected. One 

counterintuitive result is that wages are higher during periods of low productivity than in periods 

of high productivity. 

TABLE 3: ERGODIC DISTRIBUTION STATISTICS: 
NONCOOPERATIVE SOLUTION 

Statistic Κ θ I L w Υ ρ 

Mean 9.71 4.24 0.97 1.74 1.40 61.13 0.138 

Standard dev. 0.57 0.20 0.58 0.28 .000 27.99 0.040 

Coef. of var.(%) 5.92 4.76 60.2 15.8 0.00 45.79 28.77 

In fact, in Table 2 the wage is decreasing in the capital stock when productivity 

is high (and more or less constant when productivity is low). For values of the capital stock 

outside the range shown in Table 2, wages are generally decreasing in the capital stock. The 

reason why this general trend changes during low-productivity conditions over the range of 

values shown in Table 2 appears to be due to the irreversibility of investment. The firm 

maintains a higher capital stock in the cooperative, as opposed to the noncooperative, 
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TABLE 4: ERGODIC DISTRIBUTION STATISTICS: 
COOPERATIVE SOLUTION 

Statistic Κ θ I L w Υ ρ 

Mean 10.83 4.24 1.08 3.87 1.21 105.67 0.104 

Standard dev. 0.57 0.20 0.61 0.57 .008 47.97 0.030 

Coef. of var.(%) 5.26 4.76 56.2 14.7 0.67 45.40 28.48 

solution. When there is a transition from high to low productivity, the firm is initially caught with 

a higher capital stock than it would like to maintain. It takes up to two periods for the firm to 

get back to the level it would like to maintain in the long run. If the firm were to choose a 

moment like this to renege, it could be stuck with too much capital even longer, since the long-

run desired level of the capital stock is even smaller in the noncooperative solution. This 

appears to make the threat of noncooperation more severe, so the union need not concede 

as much to convince the firm to cooperate. Tables 3 and 4 point out that the model is 

consistent with broad stylized facts of relative variabilities. For example, investment fluctuates 

the most. Output fluctuates more than employment and capital while wages fluctuate the least 

of all variables. 

Tables 5 and 6 give the correlations between several of the key variables of the 

model along the noncooperative and cooperative equilibrium paths. These tables contain the 

correlations between these variables and lagged values of the same variables for one, two, and 

three lags, respectively. For example, in Table 6, the element in the twentyninth row and the 

first column states that the correlation between the capital stock and wages three periods 

earlier is -0.128, while the element in the ninteenth row and the third column shows that the 

correlation between the wage rate and the capital stock three periods earlier is -0.018. 

Thus, all variables exhibit significant persistence (i.e., significantly positive 

autocorrelations) except investment. The latter seems to be a drawback of the model that 

should be attributed to the lack of a smoothing propagation mechanism for investment (i.e., 

adjustment costs). The cycles of all variables are nearly synchronous (i.e., the cross 

correlations with the highest absolute values are those at the zero lag). Capital stock lags the 

cycles of all other variables by about one period. Capital, labor, investment are procyclical 

(i.e., their cross correlations with output at zero lag are positive) while wages and prices are 

countercyclical. Since wages here should be interpreted as union wage premiums, this 
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TABLE 5: ERGODIC DISTRIBUTION CROSS CORRELATIONS: 
NONCOOPERATIVE SOLUTION 

Kl 
L 
W 
V| 

II 

Y 
Ρ 
π 

Κ 
L 
W 
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I 
Y 

Ρ 
π 

Κ 

L 
W 
V 
I 

Y 
Ρ 
π 

Κ 

L 

W 
V 

I 

Y 
Ρ 
π 

t) 
t) 
t) 
t) 
t) 
t) 
[t) 
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[t-
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t-
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(t-
(t· 
(t· 
(t-
(t· 
(t-
(t-
(t-

(t· 

it
iti· 

(t 
(t 

(t· 
(t 
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1 
0 
0 
0 
-

0 
-

0 

1 ) 

1 ) 

1 ) 

1 ) 

1 ) 

1 ) 

1 ) 

1 ) 

2) 

2) 
2) 
2) 
2) 

2) 
2) 

2) 

3) 

3) 

3) 
3) 
3) 
•3) 

3) 
3) 

M t ) L(t) W(t) V(t) I(t) Y(t) P(t) 7T(t) 
.000 0.421 0.000 0.668 -.461 0.267 -.262 0.169 
.421 1. 
.000 0 
.668 0 
.461 0. 

.267 0 

.262 -

.169 0 

K(t) 
0.432 
0.990 
0.000 
0.952 

0.602 
0.617 

- .625 
0.461 

K(t) 

0.147 
0.436 
0.000 
0.405 
0.295 
0.556 
- .573 
0.532 

K(t) 

0.050 
0. 149 

0.000 

0. 138 
0. 100 

0.225 
- .230 
0.222 

000 0. 
000 0. 
957 0 

601 0 

625 0 

629 0 
467 0 

L(t) 
0. 152 

0.424 
0.000 
0.397 

0.280 
0.556 

- .565 
0.533 

L(t) 
0.052 

0.154 
0.000 
0.143 
0. 104 

0.223 
- .228 
0.218 

L(t) 
0.018 

0.052 
0.000 
0.049 

0.035 
0.080 

- .081 
0.078 

000 0, 

000 0. 
000 1 . 
000 0. 

000 0 

000 - . 

000 0 

W(t) 
0.000 
0.000 

0.000 
0.000 
0.000 

0.000 

0.000 

0.000 

W(t) 
0.000 

0.000 

0.000 
0.000 
0.000 

0.000 
0.000 
0.000 

W(t) 
0.000 

0.000 

0.000 
0.000 
0.000 

0.000 

0.000 
0.000 

957 0. 
000 0. 

000 0. 
346 1 . 

599 0. 

601 - . 
437 0. 

V(t) 
0.264 
0.666 
0.000 

0.632 
0.423 

0.655 

- .666 
0.586 

V{t) 
0.090 
0.267 

0.000 

0.248 
0. 180 

0.362 
- .371 

0.350 

V(t) 
0.031 
0.091 

0.000 

0.084 
0.061 
0. 138 

- . 140 

0. 136 

601 0. 
000 0. 
346 0. 

000 0. 
371 1 , 

384 - . 

304 0 

Kt) 
- .238 
- .448 
0.000 
- .444 

-.243 
- .000 

- .010 

0.115 

Kt) 
- .081 
- .240 

0.000 
- .223 

- . 162 
- .270 

0.281 
- .253 

Kt) 
- .028 

- .082 

0.000 

- .076 

- .055 
- . 124 

0. 126 

- . 122 

625 - . 
000 0. 
599 - . 
371 - . 

000 -
990 1 , 
980 -

Y(t) 
0.097 
0.269 
0.000 
0.252 
0. 177 

0.349 
- .355 
0.334 

Y{t) 

0.033 

0.098 
0.000 
0.091 
0.066 

0. 141 
- . 145 

0. 138 

Y(t) 

0.011 

0.033 

0.000 

0.031 

0.023 

0.050 

- .051 

0.050 

629 0. 
000 0. 
601 0. 
384 0. 

990 0. 

000 - . 
976 1 

P(t) 
- .095 
- .263 
0.000 
- .247 

- . 173 

- .348 

0.355 

- .334 

P(t) 

- .032 

- .096 

0.000 

- .089 

- .065 

- . 139 

0.142 

- . 136 

P(t) 
- .01 1 

- .033 

0.000 
- .030 
- .022 

- .050 

0.051 
- .049 

467 
000 
437 

304 

980 
976 

000 

7T(t) 

0.059 
0. 170 
0.000 
0. 159 
0. 1 14 

0.247 

- .251 

0.241 

7T(t) 

0.020 
0.059 
0.000 
0.055 
0.040 
0.089 
- .090 

0.087 

TT(t) 

0.007 

0.020 

0.000 

0.019 

0.014 

0.031 

- .031 

0.030 

behavior accounts for the empirical stylized fact of countercyclical union wage premiums. Also, 

it should be noted that the countercyclicality of prices is likewise consistent with the stylized 

facts of many aggregate economies [Fiorito and Kollintzas (1993)]. 

Incidentally, the preceding illustration of the table entries points out what 

appears to be one of the more remarkable features that arises from these tables. The capital 
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TABLE 6: ERGODIC DISTRIBUTION CROSS CORRELATIONS: 
COOPERATIVE SOLUTION 

Κ 
L 
W 
V 
I 
Y 
Ρ 
π 

( t ) 

t ) 
( t ) 

t ) 
( t ) 
( t ) 
( t ) 
( t ) 

K ( t ) 
1 . 0 0 0 
0 . 4 1 5 
- . 4 2 6 
0 . 6 5 1 
- . 4 9 1 
0 . 2 5 9 
- . 2 5 5 
0 . 1 4 5 

L ( t ) 
0 . 4 1 5 
1 . 0 0 0 
- . 9 9 8 
0 . 9 6 1 
0 . 5 8 8 
0 . 6 1 6 
- . 6 2 0 
0 . 3 9 9 

W ( t ) 
- . 4 2 6 
- . 9 9 8 
1 . 0 0 0 
- . 9 6 2 
- . 5 7 2 
- . 6 1 5 
0 . 6 1 7 
- . 3 9 8 

V ( t ) 
0 . 6 5 1 
0 . 9 6 1 
- . 9 6 2 
1 . 0 0 0 
0 . 3 4 0 
0 . 5 9 3 
- . 5 9 4 
0 . 3 7 7 

Kt) 
- . 4 9 1 
0 . 5 8 8 
- . 5 7 2 
0 . 3 4 0 
1 . 0 0 0 
0 . 3 5 8 
- . 3 6 7 
0 . 2 5 3 

Y ( t ) 
0 . 2 5 9 
0 . 6 1 6 
- . 6 1 5 
0 . 5 9 3 
0 . 3 5 8 
1 . 0 0 0 
- . 9 9 2 
0 . 9 6 7 

P ( t ) 
- . 2 5 5 
- . 6 2 0 
0 . 6 1 7 
- . 5 9 4 
- . 3 6 7 
- . 9 9 2 

1 . 0 0 0 
- . 9 6 2 

* ( t ) 
0 . 1 4 5 
0 . 3 9 9 
- . 3 9 8 
0 . 3 7 7 
0 . 2 5 3 
0 . 9 6 7 
- . 9 6 2 
1 . 0 0 0 

Κ 
L 
Wl 

V 
I ( 
Y 
Ρ 
π 

Κ 
L 
W 
V 
I 
Y 
Ρ 
π 

Κ 
L 
W 
V 
I 
Y 
Ρ 
π 

t -
t -
t -
t -
t -
t -
t -
t -

[ t · 
t -

( t -
( t -
( t -
( t -
( t -
( t -

( t 
( t 
( t 
( t 
( t 
( t 
( t 
( t 

1 ) 
1 ) 
1 ) 
1 ) 
1 ) 
1 ) 
1 ) 

ι ) 

2) 
2 ) 
2) 
2) 
2 ) 
2} 
2) 
2) 

•3) 
3) 

•3) 
•3) 
•3) 
• 3 ) 

• 3 ) 

•3) 

K ( t ) 
0 . 3 7 8 
0 . 9 9 8 
- . 9 9 1 
0 . 9 4 7 
0 . 6 2 1 
0 . 6 1 3 
- . 6 1 9 
0 . 3 9 9 

K ( t ) 

0 . 1 2 9 
0 . 3 7 8 
- . 3 7 7 
0 . 3 5 5 
0 . 2 4 7 
0 . 5 3 2 
- . 5 4 4 
0 . 5 0 5 

K ( t ) 
0 . 0 4 4 
0 . 1 2 9 
- . 1 2 8 
0 . 1 2 1 
0 . 0 8 4 
0 . 1 9 5 
- . 1 9 9 
0 . 1 8 8 

L ( t ) 
0 . 1 4 4 
0 . 4 1 4 
- . 4 1 2 
0 . 3 8 9 
0 . 2 6 8 
0 . 5 5 1 
- . 5 6 0 
0 . 5 1 4 

L ( t ) 
0 . 0 4 9 
0 . 1 4 4 
- . 144 
0 . 1 3 5 
0 . 0 9 4 
0 . 2 1 5 
- . 2 1 9 
0 . 2 0 7 

L ( t ) 
0 . 0 1 7 

0 . 0 4 9 
- . 0 4 9 
0 . 0 4 6 
0 . 0 3 2 
0 . 0 7 4 
- . 0 7 6 
0 . 0 7 2 

W ( t ) 
- . 151 
- . 4 2 5 
0 . 4 2 3 
- . 4 0 1 
- . 2 7 3 
- . 5 5 7 
0 . 5 6 2 
- . 5 1 6 

W ( t ) 
- . 0 5 1 
- . 1 5 0 
0 . 1 5 0 
- . 141 
- . 0 9 8 
- . 2 2 2 
0 . 2 2 6 
- . 2 1 3 

W ( t ) 
- . 0 1 8 
- . 0 5 1 
0 . 0 5 1 
- . 0 4 8 
- . 0 3 4 
- . 0 7 8 
0 . 0 7 9 
- . 0 7 5 

V ( t ) 
0 . 2 3 6 
0 . 6 5 0 
- . 6 4 6 
0 . 6 1 4 
0 . 4 1 3 
0 . 6 4 7 
- . 6 5 6 
0 . 5 5 1 

V ( t ) 
0 . 0 8 0 
0 . 2 3 6 
- . 2 3 5 
0 . 2 2 1 
0 . 154 
0 . 3 4 2 
- . 3 4 9 
0 . 3 2 7 

V ( t ) 
0 . 0 2 7 
0 . 0 8 0 
- . 0 8 0 

0 . 0 7 5 
0 . 0 5 3 
0 . 1 2 2 
- . 124 
0 . 1 1 7 

Kt) 
- . 1 9 9 
- . 4 8 9 
0 . 4 8 5 
- . 4 6 9 
- . 2 9 3 
- . 0 1 9 
0 . 0 1 2 
0 . 1 3 8 

I ( t ) 
- . 0 6 8 
- . 1 9 9 
0 . 1 9 8 
- . 1 8 7 
- . 1 3 0 
- . 2 6 7 
0 . 2 7 4 
- . 2 5 1 

Kt) 
- . 0 2 3 
- . 0 6 8 
0 . 0 6 8 
- . 0 6 4 

- . 0 4 4 
- . 1 0 3 
0 . 1 0 5 
- . 0 9 9 

Y ( t ) 
0 . 0 9 0 
0 . 2 5 9 
- . 2 5 8 
0 . 2 4 4 
0 . 1 6 8 
0 . 3 4 1 
- . 3 4 6 
0 . 3 1 8 

Y ( t ) 
0 . 0 3 1 
0 . 0 9 0 
- . 0 9 0 
0 . 0 8 5 
0 . 0 5 9 
0 . 1 3 5 
- . 1 3 7 
0 . 1 2 9 

Y ( t ) 
0 . 0 1 1 
0 . 0 3 1 
- . 0 3 1 
0 . 0 2 9 
0 . 0 2 0 
0 . 0 4 7 
- . 0 4 8 
0 . 0 4 5 

P ( t ) 
- . 0 8 9 
- . 2 5 4 
0 . 2 5 3 
- . 2 3 9 
- . 1 6 4 
- . 3 4 0 
0 . 3 4 6 
- . 3 1 8 

P ( t ) 
- . 0 3 0 
- . 0 8 9 
0 . 0 8 8 
- . 0 8 3 
- . 0 5 8 
- . 1 3 2 
0 . 1 3 5 
- . 1 2 7 

P ( t ) 
- . 0 1 0 
- . 0 3 0 
0 . 0 3 0 
- . 0 2 8 
- . 0 2 0 
- . 0 4 6 
0 . 0 4 7 
- . 0 4 4 

7 r ( t ) 
0 . 0 5 0 
0 . 1 4 5 
- . 1 4 4 
0 . 1 3 6 
0 . 0 9 4 
0 . 2 1 0 
- . 2 1 3 
0 . 2 0 1 

* ( t ) 
0 . 0 1 7 
0 . 0 5 0 
- . 0 4 9 
0 . 0 4 7 
0 . 0 3 2 
0 . 0 7 5 
- . 0 7 6 
0 . 0 7 2 

7T(t ) 
0 . 0 0 6 
0 . 0 1 7 
- . 0 1 7 
0 . 0 1 6 
0 . 0 1 1 
0 . 0 2 6 
- . 0 2 6 

0 . 0 2 5 

stock is strongly correlated with recent past values of wages and employment, while the wages 

and employment have much weaker correlations with past values of the capital stock. This 
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seems to be because irreversibilities make the capital stock more difficult to change, so its 
current level says less about the direction the firm will be going in the near future. 



6. CONCLUSION 

In this paper we look at the quantitative properties of a labor market consisting 

of a union and a firm. We introduce physical capital and investment irreversibilities in a model 

that may be thought of as a stochastic dynamic extension of the repeated bargaining game 

developed by Espinosa and Rhee (1989). It turns out that the ergodic distribution of the 

cooperative equilibrium exhibits many of the stylized facts of labor markets with significant 

union presence. In particular the model can account for the low variability of wages as well 

as the counter-cyclicalrty of union wage differentials (and total average wages in some 

countries). More significantly, these results are driven by an interaction of dynamic bargaining 

and investment irreversibilities. 

There are two extensions of our work that seem desirable. First, we would like 

to consider the sensitivity of our findings vis a vis the nature of the solution concept. In our 

model the solution is the highest wage at which the firm would be willing to cooperate. This 

is only one of many possible incentive-compatible equilibria and we would like to investigate 

the properties of this equilibria in a manner analogous to Atkeson (1991). 

Second, we want to integrate the labor market developed here into a more 

general equilibrium model (that would include a competitive sector) in the spirit of Kydland and 

Prescott (1982). We hope that this generalization will permit us to compare the labor markets 

of countries with different union densities. 
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FOOTNOTES 

l . Christiano and Eichenbaum (1992) account for the observed low correlation between 
real wages and hours worked in aggregate economy data by intoducing government 
(demand) shocks in a real business cycles model. Mortensen (1991) abandons the 
Walrasian set up to account for some of these stylized facts. Our model could serve 
for one half of an alternative explanation for the low correlation between real wages 
and hours worked. That is, real wages will have low positive or negative correlation 
in an economy where the unionized firms behave as in our model and nonunionized 
firms behave as in a standard real business cycles model. 

2. Actually, it makes no difference for most of our analysis whether θ is interpreted as 
a demand shock or a total factor productivity shock. 

3 . in this paper we abstract from union membership dynamics. This issue is taken up 
by Blanchard and Summers (1986) and in explicit dynamic bargaining models by Kidd 
and Oswald (1986) and Spinnewyn and Svejnar (1990a). 

4. In order to avoid complicating the notation we do not make explicit the dependence of 
all t-period dated random variables in (6) on the realization of the state of nature up to 
this date, ( θ 0 , θ 1 # . . . , θ ε ) , as would have been better for the designation of the 
probabilities needed for the evaluation of expectations. 

5. Manning (1987) credits this model to Nickell (1982). Also, it should be noted that this 
model is a generalization of the so called "monopoly-union" model (Dunlop (1944), 
Oswald (1982)), where the firm chooses employment and the union chooses the wage 
rate. 

6. In particular, Manning (1987) argued that unions may have different bargaining powers 
over wages and employment. In his paper he developed a model in which wages and 
employment are determined sequentially using generalized Nash solutions in which the 
bargaining powers may differ at different stages. He showed that the "monopoly-union" 
model results if wages are determined first and the union has all the bargaining power 
over wages and the firm has all the bargaining power over employment. If this set up 
is amended so that both parties have positive bargaining power over wages, but the 
firm still has all the bargaining power over employment, the "right to manage" model 
results. If the bargaining powers over wages and employment are the same, the 
"efficient bargain" model results, where the firm and the union bargain over the wage 
rate and employment simultaneously, regardless of the order in which the variables are 
determined. Thus, the model nests the three main alternative models and also creates 
a new class of models, those in which both players have positive bargaining powers 
over both variables, but the powers over wages and employment differ. 

7. Empirical comparison tests between the "right to manage" model and the "efficient 
bargain" model is not settled. Doiron (1990) uses Manning's framework to test the 
alternatives using data from the wood products industry in British Columbia, but the 
results are mixed on whether the "efficient bargain" or "right to manage" model is best. 
Machin, Manning, and Meghir (1991) also use this framework in a dynamic model and 
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provide estimates using panel data from the United Kingdom. Their results indicate a 
dynamic version of the "right-to-manage" model describes the data better. But taking 
into account the fact that the "right to manage" model implies that wage-employment 
pairs must lie on the labor demand curve, negative results for this model have been 
obtained by several authors that find evidence against the labor demand hypothesis. 
In particular, Svejnar (1986) estimated an "efficient bargains" model using data from 
U.S. industries and found that the model performed better than labor demand models. 
Brown and Ashenfelter (1986) found some support for the "efficient bargains" model 
using data from the U.S. printing industry. MaCurdy and Pencavel (1986) also found 
some weak support for the "efficient bargains" model using data from the U.S. printing 
industry. Finally, Card (1986) used data from the U.S. airline industry and estimated a 
model that incorporated adjustment costs in an intertemporal contracting model. While 
the properties of the "efficient bargain" model held in the results, the fit was poor, 
indicating only weak support for this model. 

8. See, e.g., Grout (1984), Bean (1983), Manning (1987), Van der Ploeg (1987), Hoel 
(1990). 

9. The importance of this result hinges on the union's bargaining power. For that matter, 
Grout's underinvestment result may not hold in Manning's two-stage bargaining model 
where wages are negotiated first and employment is bargained out later. Deveraux and 
Lockwood (1991), also, provide a counterexample to the underinvestment result in a 
more general equilibrium set-up. 

10. A possible way out of these difficulties is the method suggested by Marcet and 
Manmon (1992). A comparison between this method and the methods developed in 
this paper should be an interesting research topic. 

11. Both of these functions can be found explicitly and it is easy to show that Ln is strictly 
decreasing in w while Lc is strictly increasing in w. Lc, however, is only defined over 
the interval [w,(1-q>)'1w) and tends to infinity as w tends to (1-φ)" w. 

12. % can be derived the same way as K with w replacing w. Since we only need assure 

that K is finite, we will hereinafter ignore the distinction between K and K . 

13. Furthermore, there is a good economic reason for using a value of o = 0. Suppose we 
wish to set up a stream of payments $x over time such that the net present value of the 
stream equals some fixed amount $y. This problem, of course, is trivial. If the discount 
factor is β, the answer is x* = (1-3)y. Suppose instead we are told that the payments 
in all future years will be χ and we need to find the amount f(x) to be paid now so that 
the net present value is y. Then we need: 

f(x) + B/(1-0)x = yorf(xj = [x*-3x]/(1-B) 
Note that f has a unique fixed point, viz. χ . 

Now, suppose we were to try to find χ with the following algorithm. Choose 
some initial guess, x, and iteratively apply f(.). If 0> 1/2, this will not work. It can easily 
be shown that: 
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m f(x)-x*-0/(1-0)(x-x*) 
so that f(.) over-shoots χ (unless x=x ). In fact, 0>1/2 implies 0/(1-0) >t, so we get 
further away from y with each Iteration. Note that this problem is similar to our 
algorithm for finding g*: the mapping Τ makes up all the difference between the value 
of reneging and the value of cooperating by adjusting only the current wage. When 0 
is close to one, the stream of payments in future years tends to be worth a lot more 
than the same payment in just the current year, so the overshooting is very large. 

Instead of the above approach, suppose we define: 
g(x,t) = (1-t)f(x) + tx=(1-t)/(1-0)[x*-Bx)+tx 

Straightforward calculation reveals that: 
g(x,t)-x' = (t-0)/(1-0)(x*-x) 

If 0<;t<1, iterative application of g(.,t) will converge monotonically to χ . In fact, there 
is a "best" choice for t, namely^ 0, in which case g(x,0) = x for any x. This indicates 
that we should use g1 = (1-0) (T go) + 0go in our algorithms for approximating g . 
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APPENDIX 

Proof of ibi of Remark 2: Define: 

VJ.l(Kfe(r))'max{F[Ktyfb(z)]*fi^X„Vj(ytB(8))) , jeN, 

From (a) of Remark 2, the sequence {V-} converges to Vn for any V0. Since the set of 
concave functions is closed, it then suffices to show that there exists V0 such that V is concave 
for all j€N+ to establish that Vn is concave. Then, since we can take V0 to be concave, to 
show that Vn is concave, it is sufficient to show that V. is concave implies V-+1 is concave. 
Suppose V is concave and define: 

Φ (Κ,Β) =Βθ 1"ΛχΚ 1 "* a • ( 1 - Ò ) Κ 

so that F(K,y,e)=<P(K,e)-y. Then, by definition: 

VJM (K,B(r))= max <Φ (K,Q(r) ) -y+ßV; X..V. {y. θ (s) ) ) 
yertJO ffs

 J 

=Φ [κ, θ (r) ) • max {-y+pT kxaV3 {y, θ (s) ) ) 
y&m sTs 

Let: 

h (Κ, θ (r) ) « max {-y+ßV KMVI (y, θ ( s) )} 
yeHJO ils 

so that 

Vj.1(K,d(r))"<KK,e(r))+h(K,e(r)) 

Note that Φ is strictly concave in K, so it suffices to show that h is concave in K. Take arbitrary 
Κ,,,Κ^Ο,Κ] and choose y^ (i = 1,2) such that: 

y^argmaxi-y+pY λζενή (y, θ ( s) )} 

It follows that: 

Ϊ2(Κ2,β(Σ))=-νι + ΡΣ X r sV^(y j #e(s)) ( i -1 ,2) 
S€S 

Then, for any τβ(0,1) 

xhlKl.Qtz)) + (l-x)h(K2.B(r)) — [xyl+(l-x)y2] 

+ P E A r s { ^ J ( y 1 , e ( s ) ) + ( i -T)v J . (y 2 / e(s) ) } ( i ) 

ses 

By assumption, V- is concave in y, so: 

xVj(y1,Q{s)) + {l-x)Vj(y2,e(s)) 

*Vj[xy1+(l-x)y2,B(s)] , VseS 
( i i ) 
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From (i) and (ii): 

xh(KltB<r)) + {l-x)h(K2.dU))i-[xy1+(l-x)y2] 

•PE^^Ity^d^yj.eU)] ( i i i ) 

ses 

Now, by construction Υ|βΓ(Κ|) 0 = 1,2) so that: 

<1-δ)Κ^ν.*Κ 

Therefore: 

1(1-5)^ ^Ty^TK 
(1-l)p4^*(1-l)ystf(1..l)K 

Adding these inequalities reveals that: 

Hence, τγ1 + (1-τ)γ2βΓ[τΚ1 + (1-τ)Κ2]. Then, by maximization: 

h[xK1+(l-x)K2,e{r)) = max {-y+βΥ; X..V.,(y,6 (s) )) 
γ€ΠχΚ^(1-τ)Κ2) feS 

(iv) 
ii'lxyl^(l'X)y3)*Pj^XreVjlxyi*(l-x)y2t&{s)] 

ses 
From (iii) and (iv) it follows that: 

Th(K1,0(r)) + (1 -T)h(K2,e(r)) chpK, + (1 -τ^,ΘΜ] 

which implies that h is concave. Therefore, V. is strictly concave for all jeN + . This implies 
that Vn is concave. Now, the above shows that, if a function f is concave, Tf is strictly 
concave. Therefore, Vn is concave implies TVn is strictly concave. But Vn = TVn so Vn is 
strictly concave. 

Q.ED. 

Proof of Proposition 2: 

Lemma A.1: Define Q:[0,K]Xe-R as follows: 

0(x,d(r)) =max{-y+ßV Xzsf [y,6 (s) ] ) 
yer(x) ffs 

and assume that f:[0,K]Xe-R is continuous and nondecreasing in its first argument for all 
values of its second argument. Then, 

0ίΟ(χ\θ)-Ο<Χ,β)*(1·δ>(χ«χ1 

for all (x,x') such that 0<:χ'<χ^Κ and θβθ. 
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Proof: The first inequality follows immediately since x'<x implies Γ(χ)αΓ(χ'). Take y' so that: 

y'eargmaxi-y+Vj^ kief [y. θ (s) ]} 
yen χ') ses 

Let^minty' + O-öMx-x^K}. Note that y'er(x·) -y'*(1-5)x\ Therefore, 

yiminitl-^x' + ll-öKx-x^K} 
= min{(1-5)x,K} 

= (1-δ)χ 

Hence, yer(x). It then follows by maximization that: 

<?(Χ,Θ(Γ> ) * - y + ß £ λ „ ί [ y , 6 ( s ) ] 

ses 

ses 

Note that the second inequality follows from the fact that, by construction, y*y' and f is 
nondecreasing in y by assumption. Therefore, 

CXx'.e(r) ) -Q(xtB(r) ) * 0 ( x ' , 6 ( r ) ) - [ - y > ß £ λ „ ί < y ' , e < r ) ) ] 
S€S 

--y'+ΡΣ λ „ ί ( y ' , 6 ( s ) ) - [-y+ß£ A„f (y' .e(s) ) ] 
S6S S€S 

=?-yf 

• m i n i y M l - δ ) (x-x*) ,TÒ-yf 

s y M l - δ ) (x-x') -y' 

= ( 1 - δ ) ( x - x ' ) 

Corollary A.1: Lemma A.1 implies that: 

| CHx,6) -Ρΐχ ' ,θ) | , 1 _ 5 

x - x ' 

for all χ?ίχ·€[0,Κ] andere. 

Lemma A.2: Given Assumptions 1 and 2, f defined by: 

7V c ( t f ,e(r ) ;g) = max ltfc [x 1 # θ (r) , gr(xa, θ (r) ) ] 
(χ. , χ , ) ε Γ ' η 

Q.E.D. 

* ( 1 - δ ) χ 1 - χ 2 * β ^ X r s V c [ x 2 , 6 ( s ) ;g]) 
ses 

where * is as defined in Assumption 2, maps the set of bounded, continuous functions, Ψ, 

back into itself and satisfies Blackwell's conditions, so f has a unique fixed point, V (.,.;g) 

for any continuous function g:[O,K]X0->R. 
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Proof: See proof of Part (a) of Remark 2. 

Lemma A.3: V (K,9;g) is continuous in g over the set 

{g^|£*Q(K£)*(1-φ)*V-c ν(Κ,θ)β[£Κ]ΧΘ} 

for arbitrarily small c>0. 

Proof: Let ε>0 be arbitrary and suppose that 

max\Q,(x,B)-g2{x£)\ <z 

Let (Κ*,θ*) attain the maximum of | V (Κ,θ^)- V (K,e;g2)|. Assume WLOG that 

ν (Κ ,θ ; g ^ ^ ν (Κ ,θ ;g2). Let (x1 ,x2 )ei"(K ) be an optimal policy when g = g1 so that: 

^ ( / C - , 0 ' ; g 1 ) = / / c [ x 1 \ e \ g 1 ( x 1 * , 0 * ) ] «• ( 1-δ ) x/-x 2 ' 

where r is chosen such that θ =9(r). By the properties of maximization, 

V(K', Θ" ; g2) ïHc[x;, θ \ flr2 (χ;, θ·) ] + ( 1 -δ ) χ^-χζ 

+ β]Γλ Γ 5 ν(χ 2 \θ(5) ;5τ 2 ) 
B€S 

So, 

maxl^iiCÖ;^) -V(tf,6;g2) \ = V(K\ θ\· gx) -V<Ä",e\-g2) 

stf c [χ ; , θ \ ga ( χ ; , θ· ) ] -Η c [x'x , θ \ g2 (x x\ Θ*) ] 

* Ρ Σ * r s { £ U 2 \ 6 ( s ) ;g :) -V(x 2\6(s) ;g2)} 
s<-:s 

iH*ixl.*\gxixl.*·) ) -// c (x; ,e-,g 2 (x; ,e · ) ) 

* Ρ Σ ^ J S | V ( X ; , 6 ( S ) ;g,) - ? < χ 2 \ θ ( β ) ;g 2 ) | 
S€S 

By Taylor's Theorem: 

/ / c ( χ ; , Θ \ gx ( χ ; , Θ · ) ) - //c ( χ ; , Θ · , g2 ( χ ; , Θ · ) ) 

=H;(X;,Q',W) [g1{x^te')'92{xìtBn) 

<\H;(x;,e-,w-) |c 

smax|//w
c(x, Θ, uO |€=Ä€ 
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for some w such that 

min{g1(x1*,e*)fg2(x1*,e*)}<w*imax{g1Oc1*,e*),g2(x1*,e*)} 

Here, H w

c denotes the partial derivative of H c with respect to w. Since H c is continuously 
differentiate on the set i&K]XeX[w,(1-q>)*Vc], 0<R<» [ H w

c - - * as w-(1-q>)"1w, which is 
why we require g«;(1-<p) w-c]. Thus, 

maxlvacBjg^-vace-.gz) |< 

^ + Ρ Σ U ^ ^ Ö ( S ) ;g:) -^(x;,e(s) ;g2) | 
S€S 

The summed terms are expected differences in value and thus must be less than the 
maximum difference in values, so we can iterate on the above equation to get: 

maxlviJCe^-Vifce;^) |</?e£ ß"=-JL-€ 
n-o -*-~P 

Now, let η>0 be arbitrary. Then, take c = (1-3)n/R, so that: 

maxIÙU^;^) -V(x,e;g2) \<-* Λΐΐ&ΐΆ =r\ 

which implies that V is continuous. 

Q.E.D. 

Corollary A.2: A function g :Ψ^Φ is an equilibrium wage if and only if 

Vc(. , . ;g>) *Vd(. , . ;g') where: 

Vc(xltQ(r) ;g)= max ÌHc[x1, θ (r) , g(xltB (r) ) ] + (l-ò)x1-x2 
x2er<x.) 

+ ß E * r ^ c < * 2 < Ö ( s ) ; g ) } 
ses 

Vd(x1,Q(r) ;g)= max iHn[xlt θ (r) , g(xlt6 (r) ) ] + (l-Ò)x1-x2 
Χ2€Γ(Χ.) 

* ß E ^ ^ 2 ' Ö ( s ) ; g ) } 
ses 

Provided the union is at least as well off along the cooperative equilibrium path as along the 
noncooperative path. 

Lemma A.4: Given Assumptions 2 and 3, let Τ be defined by: 

(tf+Δ, i f D x e (tf+A;g)^0 
CTg) (χ,β) = { 

[ w such that Dx e(w;g) =0 otherwise 
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where: 

DXtQ(w;g)=Hn(x,B, w) -HcU,B, w) +Q°(x,B) -QcU,B;g) 

Qn(x.B(r) ) = - z n U , 6 ( r ) ) +β]Γ kZ8V[zn(x,B(r) ) ,B(s) ] 

Qc(x,e(r) ;g)=-zc(x,6(r) ;g)+PYfkTSV
c[zc(x,B(r) ;g) ,B(s);g] 

S€S 

zD{x,B(r) )€argmax{Hn[x,B(r) ,g(x,B(z) ) ] +(l-b)x-z 

zeTix) 

zc(x,B(z) ;g)€azgmax{Hc[x,B(r) tg(x,B(r) )] 

zçTix) 
+ (l-ò)x-z+PY^XTSVc[z,B(s) ;g}} 

S€S 

and observe that: 

Vd(x,B;g) -Vc(x,B;g) =Hn(x,B, g(x,B) ) -Hc(x, B, g{x, Θ) ) 

+Qn(xtB)-Qc(x,B;g) =Dxe(g(w,B) ; g) 

Then, 
(a) Τ maps the space of bounded, continuous functions from [Κ,Κ]ΧΘ to [w+Δ,Ο-φ)" 
w] back into itself, Ψ; and 

(b) Τ is a continuous operator on Φ. 

Note that, for any (χ,θ). the maximum of (T*g)(x,G) over all g in Ψ is attained at g°(x,9)^[+A 
(this is where Qc(x,6;g) is at its maximum for any (χ,θ)). Since Qc(x,6;g°) <», this implies 3g' 
such that 

(T*g)(x,e)ig'(x,0) and max{g'(x,9)}<(1-(p)"1w 

for all geU) (this justifies application of Lemma A.3). 

Proof: Part (a) follows from Remarks 3 and 4 in the text. To prove (b) let ε>0 be arbitrary 
and suppose 

maxlg^x.ej-g^x.e)!^ 

Let (x,B(r)) besuchthat 
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maxier^) (x,B)-(T*g2) (x,θ) WWgJ Ut.B(r))-(T*g2) (x,B(r)) | 

and let ι * ^ * ( Γ * ^ ) (x,B(r)) . If w.,=w2 we are done, so assume WLOG that 

W 1 > W 2 Ì W + A . Then 

So: 

D*,BU) <v i;^i) -^.eir) (v2'^2) mJUt,B(r) tWj-JiJt.Bir) ,w2) 

+Qc(x,B(r) ;g2) -Qc(x,B(z) igx) <:0 

where J( )=Hn(.,.,.)-Hc( ) (i.e. J gives the gain in current quasi-rents from reneging). 
Thus, 

J(X.BU) , wJ-JUttBir) . w2)zQc(x,B(r) •fg1)-Q
c(x,B(r) ;g2) 

From Taylor's Theorem, for some fte [ w2, wx] : 

Jv(x,B(r) ,0) (w1-w2)^Oe(JttBU) ;gx) -Qc(x,B(r) ;g2) 

• _ | l g c ( * , 6 ( r ) :gx) -Qc(x,B(r) ;g2) \ 
ÌWl~W2Ì* \Jw(x,B(r),ö)\ ( A 1 ) 

max\Oc(xtBig1) -Qc(x,B,g2) \ 
c (x,e) * 

min \Jw{x,B, w) \ 
(X.6.W) 

Now, by definition of Qc and Lemma A.3 

maix\Oc(xlB;g1)-O
c(xtB;g2) \<-&-Re 

Also, J w exists for all (x,9,w) and is zero only when K=0 or w=w. Since Assumptions 2 and 
3 require K*K>0 and w*w+A>w, min|Jw | =N>0. Thus: 

K - V a l i n a x l i r · ^ ) (x,B)-(T*g2) (x,B) | < - J L J?€ =*'€ 

Let η>0 be arbitrary. Then take e = n/R', so that: 

max|(T*g1)(x,e)-CT*g2)(x,0)|<R'(n/R,) = n 

which implies Τ is continuous. 
Q.E.D. 

Lemma A.5: Τ (Ψ) is an equicontinuous set. 

Proof: Let geT*(Uf) be arbitrary. Suppose x1 φ*2 and let θ be arbitrary. Denote Wj = (T g)(Xj,e). 
It will first be shown that there exists M>0 such that 
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, (T*g) (xlfQ)-(T*g) ( χ 2 , θ ) . ^ 
X 1 ~ X 2 

in particular 

l-b + \Jx(x,efw) | 
M=max' 

x.e.w\ Jv(x,e,w) 

which is finite since J x exists and is finite and J w is bounded away from zero for ail (x,9,w) 
such that x*K and w^w+Δ. Here, we use the fact that g(x,6)imax{g'(x,9)}<(1-9)"1w, since 
J x tends to -» as w tends to (1-cp)*1w. 

Case 1: DX i θ ( wt; g) =DX i9(w2;g) *Q . Then, by definition of D x θ we have: 

j(xltBtw1) *Qaixl,9) -Oc(xltB;g) 

=J(x2,d,w2) +Qn(x2,Q) -Qc(x2,Q;g) 

or 

J(xlfetw1) -J(x2,d,w2) ={Qc(x1,e,w1)-Qc(x2,d,w2)} 

-{Qn(xlfQ)-Qn(x2,Q)} 

From Taylor's Theorem, 

3 (x, w) 3 x£ [ m i n ( x 1 , x 2 ) , m a x ( x l f x 2 ) ] 

and 

fìe [min(w l tw2) ,max(w1,w2)] 

where 

Jx(x,e,ö) (χ χ -χ 2 )«· ι7„(*,β,$) (wl-w2) 

=Qc(x1,Q;g)-Qc(x2,Q;g)-{Qn(x1,e)-Qn(x2,Q)) 

w,-w2_ Qc{x1,Q;g)-Qc{x2,e;g)AQn{x1,e)-QnU2,Q)) 
Jjx,e,i» 

Xl X2 X l X2 

-jjx,e,Q) 

From Lemma A.1, the first term on the right-hand-side above is less than 1-δ in absolute 
value. Therefore, taking absolute values and noting that J w >0 we have: 

Wl W2 

X l X2 

l - ô + | j . ( j t , e , 6 ) 
<LM 

JV(X,B,9) 

Case 2: Dx θ (w1 ; g) >0 , i = l , 2 . This case is trivial since then w1=w2=w+A. 
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Case 3: DXit9(wi;g) «0 and DXff9{x^;g) >0 , WLOG i = 1. Then w2=w.+A. If 

w1 = w+Δ we are done, so assume w ^ w + Δ , which implies that Dx ^(x+Atg) <0 . Since 

D x 6 is continuous in x, there exists x' such that min(x1,x2)^x'i:max(x1,x2) 

Dx/f6 (#+Δ ;g) =0 . But, then g(x',9)=w.+A and, from Case 1: 

ν,-ίϋΤ+Δ) 

x^x' 
zM 

Since w2 = w+A, jx1-x21 > | x1-x* j implies: 

W^-Wr, 

xx-x2 

wx - ( nr+Δ ) 

X, -x' 
<LM 

This exhausts all cases. 

Now, let ε>0 be arbitrary and suppose jx^x^l <ε/Μ. Then, since 

(T'g) (xltB)-(T'g) (x2,B) 

xx-x2 

ύΜ 

we have: 

(T'g) ( χ α , θ ) -(T'g) ( χ 2 , θ ) \^M\x1-x2\<M(€/M) =e 

for any geT (Ψ) and arbitrary θβθ. Since x1 and x2 were arbitrary, this implies that Τ (Ψ) is 
an equicontinuous set. 

Q.E.D. 

Combining the results of Lemmas A.2-A.5 it follows that Τ satisfies the conditions of 
the Schauder Fixed-Point Theorem (see, e.g. Stokey and Lucas (1989), pg. 520). This 
implies that there exists geW such that Τ g = g. 
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